BULETINUL ACADEMIEI DE STIINTE

A REPUBLICII MOLDOVA. MATEMATICA
Number 1(47), 2005, Pages 85-91

ISSN 1024-7696

A nonlinear hydrodynamic stability criterion derived
by a generalized energy method

Catalin Liviu Bichir, Adelina Georgescu, Lidia Palese

Abstract. By applying a new variant of the A. Georgescu — L. Palese — A. Redaelli
(G-P-R) method [8], based on the symmetrization of a linear operator, we deduce a
nonlinear stability criterion of a state of thermal conduction of a horizontal fluid layer
subject to a vertical upwards uniform magnetic field and a vertical upwards constant
temperature gradient. The Boussinesq approximation is used. The upper and lower
surfaces of the layer are two rigid walls. It is assumed that the magnetic Prandtl
number is strictly greater than unity.
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1 The perturbation problem

Consider an infinite horizontal layer of a homogeneous viscous electrically con-
ducting fluid at rest (V = 0) subject to the influence of a uniform vertical upwards
magnetic field H and of an adverse constant vertical temperature gradient § > 0.
Let Oxyz be a Cartesian coordinate system, with i, j, k the unit vectors of the axes,
where the vertical axis Oz has the direction opposite to the gravity. Suppose that
the fluid is confined between the planes z = 0 and z = 1, on which the temperatures
T|.—0 =Ty and T|,=1 = — + Tp respectively are kept constant.

In the Oberbeck-Boussinesq approximation, the stability of the basic state my
(V=0,H=Hk, T =—pz+1Ty,P) is governed [1] by the following dimensionless
equations for the perturbation fields (u,h,d,p;) of the state mg

Ju/0t + (u-grad)u — P, (h - grad)h =

— _grad p; + ROk + Au + Qdh/dz, (1.1)
div u =0, (1.2)
P,,(0h/0t + (u-grad)h — (h - grad)u) = Ah + Q0u/0z, (1.3)
div h =0, (1.4)
P.(00/0t + (u-grad)f) = Rw + A6, (1.5)

where (t,x) € (0,00) x R? x (0,1), x = (z,v, 2), and by the conditions

u(0,x) = up(x), h(0,x) =hg(x), 0(0,x) =0(x), xcR>x(0,1), (1.6)
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div uy = div hg = 0, (1.7)
u(t,x) =h(t,x)=0, 6(t,x)=0 at z=0, z=1, t>0. (1.8)

Here u = (u,v,w) = (u1,u2,u3), w =u-k, h = (hy,hse, hs), 0, p1 are the pertur-
bations of the velocity, magnetic, temperature and pressure (including the magnetic
pressure) fields respectively. The dimensionless numbers are the Prandtl number
P, = v/k, the Rayleigh number R? = gafd*/(kv), the magnetic Prandtl number
P,, = v/n, and the Chandrasekhar number Q? = pH?d?/(4wpvn), where v is the
coefficient of kinematic viscosity, k is the coefficient of thermometric conductivity,
—gk is the gravitational acceleration, « is the coefficient of volume expansion, p
is the density, n = 1/(4mpo) is the resistivity, u is the magnetic permeability, and
o is the coefficient of electrical conductivity. Assume that the perturbation fields
are periodic functions of z and y, of periods 27/a, and 27 /a, respectively, where
ag,ay > 0. Denote by V' the periodicity cell, V' = [0, 27 /a,] x [0, 27/ay,] x [0,1] and
let OV}, be the horizontal boundary. We have 0V}, = 0V; U 0Vy, where 0V; and
0V are the upper and lower boundary respectively. In the sequel, the brackets ( - )
stand for the integration over V, i.e. (-) = [ - dV. We impose the extra conditions

(uy = (v) = 0. (1.9)
2 Energy relation

In order to obtain nonlinear stability criteria, let us apply the G-P-R method [§]
to the perturbation problem (1.1) — (1.8). To this aim, first we write the system
(1.1) — (1.5) as the equivalent system consisting of the equations (1.1), (1.3) and
(1.5), in the space

Nl = {(H,U,h) EHz(V)7 ’ div u = div hZO,
'U.:h:()7 0:00navh}_

In turn, this system is equivalent to the modified system in N}

00/0t + (u-grad)d = P-1A0 + P71Ru -k, (2.1)
a(0u/0t + (u - grad)u) + ags P, (0h/0t 4+ (u - grad)h) =
= —a grad p; + aROk + aAu + aQ0h/0z + aP,,(h - grad)h+  (2.2)
+ag3Qdu/0z + agsAh + ags P, (h - grad)u,
bP,,(0h/0t + (u - grad)h) + bga(0u/0t + (u - grad)u) =
= bQOu/0z + bAh + bP,,(h - grad)u — bgegrad p;+ (2.3)
+bga ROk + bgoAu + bga Q0O /0z + bga Py, (h - grad)h,

obtained by the following algebraic operations: (2.1) = (1.5)P1, (2.2) = a(1.1) +
ags (1.3), (2.3) = b(1.3) + bga(1.1), where a, b, g2 and g3 are, so far, undetermined
nonnull constants.

Consider on N; the scalar product (-,-) of L3(V) (= L?(V)7). Introduce two
linear operators Ly € L(Nj,L%(V)), Ly € L(N7,N;) and use the notation U =



A NONLINEAR HYDRODYNAMIC STABILITY CRITERION 87

(0,u,h)T € M1, U; = LyU = (0, au + ag3Pyh,bgou + bP,h)T, where Ly and Ly
are defined by

PN P 1Rk 0
L= aRk al +ag3Q0/0z agsA+aQd/0z | ,
bgaRk  bgo N +bQ0O/0z  bA + bgeQ0/0z
1 0 0
Lo=10 a ag3Py
0 bga bP

In addition, we define the nonlinear mapping

0 0 0
T=1|0 agsPy(h-grad) aP,(h-grad)
0 bPp(h-grad) bg2Pp(h-grad)

It follows that the system (2.1) - (2.3) in U € Nj reads
(0/0t +u-grad)U;, = L, U + (0, —a grad p;, —bgy grad p;)’ + T(U)
or, equivalently,
0U;/0t = L1U+ N(U) +T(U), (2.4)

where the mapping N(U) corresponds to the advective and pressure terms, i.e.
N(U) = —(u-grad)U; + (0, —a grad p;, —bgs grad p;)’.

According to the Weyl decomposition lemma, a vector from L2(V) is uniquely
written as a sum of a solenoidal vector and a gradient of a scalar function. Then a
projection of L?(V) to N; can be defined. If (-,-) stands for the inner product in
L2(V), this projection of the system (2.1)-(2.3) to N is defined by the inner product
of (2.4) by U. As a result, from (2.4), we obtain the energy relation

(0U,/0t,U) = (L1U,U) + (N(U),U) + (T'(U), U). (2.5)

If a = b, then (T(U), U) = 0 because [,(h-grad)u-udV = [,,(h-grad)h-hdV
=0and [, (h-grad)h-udV = — [,(h-grad)u-hdV. Moreover, in order for the
coefficients of (Ou/0t) - h and (0h/dt) - u in the left - hand side of (2.5) be equal,
we must have g3P,, = g2. Then (2.5) becomes

% d(Uy,U)/dt = (LU, U) + (N(U),U). (2.6)

Using Green identities, the relation g3P,, = g2 and the fact that grad p; is
orthogonal to the solenoidal vectors u and h, it follows that (N(U),U) = 0. Con-
sequently, the energy relation (2.6) becomes

% d(Uy,U)/dt = (LU, U). (2.7)
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The symmetric part of L reads

PT_IA ok 4k
Lls = 511{ al\ 53A y
0ok I3 DA

where 6; = 0.5(a + P"Y)R, 62 = 0.5ag2R, 03 = 0.5a(g3 + g2). Since (L1 U, U) =
(L15U,U), (2.7) becomes

% -d(Uy,U)/dt = P~ (|grad 6|?) — P,a(|grad u|?*)—

— Pya(|grad h|?) — P,a(g3 + g2)(grad u - grad h)+ (2.8)
+ P,R(a + P71 (0w) + P, Rags(0h3)).

3 The algebraic associated system
Introduce the functions
¢1 =aju+ agh, (;52 =bu+ bgh,

where the constants a1, ag, by, bs € R are to be determined and ¢; = ¢1(t,x), ¢p2 =
¢2(t,x). Remark that this choice represents an extension of the G-P-R method,
because here ¢; and ¢9 are vector functions. Thus, the expression

(U1, U) = (|61*) + a{jul* + (93 Pn + g2) u-h+ Pp[h]?)
must read, equivalently,
(U1, U) = ([01%) +di{ 1) + do{ |2]*),
where di,ds € R*, implying
diaf + dobi = a, diaras + dabiby = ags, diaj + dabl = aPp, (3.1)

where dy, da, b1, bo are determined up to some factor. Eliminating dy and ds between
these equalities, we obtain the relationship between by and by

agby + Praiby — ga(aghy + arbe) =0,  a3bi — a3b3 # 0, (3.2)

defining ¢9 up to a factor.
Let us find a; and ag such that (2.8) has the simple form

% -d(Uy,U)/dt = P7'[—(|grad 6]* + |grad ¢1|%) + P.RE (0¢1-K)],  (3.3)

where k' is an undetermined factor. By identifying (2.8) and (3.3), it follows

—Pa{| grad u|?) — P.a{| grad h|?)—
—Pra(g3 + g2)(grad u - grad h) = —(jgrad ¢:[?),
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P.R(a + P~Y)(dw) + P,Rags(0h3) = P,RK (8¢ - k).
If P, > 1, we obtain
a=(Pn+1V)[P(Pn—1]", a5 ==*ay,
g2 = 2P, (P +1)7Y, g3 = P, lgs,
where the signs 4+ and — correspond, and
a1 =+\/(Pp + 1) (P — 1)1, K =£2P,(PV/PL - 1),

where the signs + and — correspond.
From (3.1;3) it follows that

dy = (b% - Pmb%)/[Pr(b% - b%)]? dy = a(Pm - 1)/(b% - b%)

Then, for a; = a9, (3.2) implies by/by = P,,, while, for a; = —ag, (3.2) implies
by/by = —P,,. In both these cases, we have

dIZPm/[PT(Pm"i'l)]v d2:aP%/[b§(Pm+1)]'

Therefore all these four solutions a, b, g2, g3, a1, as, ba/by, k' are convenient. In the
next Section, we show that they lead to the same stability criterion.

4 The stability criterion

Introduce the functions
E(t) = (10 +dy |¢1]*)/2,  W(t) = da( |¢2]?)/2

and the notation

2 _ . 2(|grad 0° +|grad ¢|*)
& = min 5 5 ,
0,61 (101 + lea]?)

1 20061 - k)

= ma .
JR: 61 ( |grad 0]2 + [grad ¢1]2)

Then, due to the fact that ¢; = 0 on 9V}, for k' > 0, the energy relation (2.7)
becomes successively

dE  d¥

(4.1)

— = Pl (|lgrad 0 + grad ¢1*) + PR (091 - k)] =
4.2)
) P.RK (01 - k) (
— _p~!(|grad 02 dg?)-[1- -
r(lgrad 01" +lgrad 6115 - [1 = 7 e Tarad 6177
implying JE U 1 1
dt + dt < i é“ maw{ljdl} [ R 2\/R72;] I ( 3)

whence the stability criterion
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Theorem 1. Suppose that P,, > 1. If R < \/P2 — 1\/R’/P,,, then the basic state
myo 1s nonlinearly stable.

Let ¥’ < 0 and remark that, from the definition of A7, it follows that if (6, u,h)
S Nl than (07¢17¢2) € Nb (_97¢17¢2) € Nl-

Introduce the space
N1 ={(0,¢1) € H* (V)" | div 1 =0; ¢1 =0, 6=0o0ndV,}.

Obviously, Aj is imbedded in Ay, i.e. N; C N;. In addition, if (6, ¢1) runs over A7,
than (—6, ¢;) runs over N too.

We have k'(0¢1 - k) = |K'|(—0¢; - k) and |grad 6|?> = |grad (—0)|>. Therefore
(4.1) holds also for 6 replaced by —f. Consequently, (4.3) hold for k&’ replaced by
|K'|. In this way, for the case k' < 0, Theorem 1 holds too.
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