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The Riemann extensions of affine connected spaces for investigations of geodesics and
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1 Introduction

There is the connection between of the Pfaff equation

dx dy dz
P _ - _— = 1
(@,y,2) 7 + Qz,y,2) -~ + R(z,y,2) = =0 (1)
and the first order system differential equations in form
dx B dy B dz @)
P("L.7 y7 Z) Q(x7 y? Z) R(x7 y? Z).

For example the equation (1) is exactly integrable at the conditions

0P(z,y,2) 0Q(x,y,2) _, 9Q(,y,2) OR(z,y,2)

Ay Ox ’ 0z dy

OR(z,y,z) OP(z,y,z)
ox 0z

and its general integral determines the family of the surfaces in R? space

=0

V(z,y,z) = constant,
which are orthogonal to the lines of the vector field
N = (P(z,y,2), Q(x,y,2), R(z,y, 2)). (3)
In more general case

0Q(z,y,2) OR(z,y,z) OR(z,y,z) OP(z,y,z)
0z a dy > Ry, 2) < oz a 0z ) *
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+R(a,y.2) (2 al

the equation (1)
n (P(‘Tﬂya Z)dﬂf + Q(‘Taya Z)dy + R(‘Taya Z)dZ) = dU(.’L’,y, Z)

is also integrable by means of integrating multiplier 4 and determines the family
of the surfaces U(z,y,z) = const passing through the each point of the space and
orthogonal to the vector field (3).

The vector field (3) in the space R? with conditions

(N,rotﬁ) =0

is called holonomic.

In general case the Pfaff equation (1) is not integrable and them corresponds
the system of the integral curves (Pfaff variety) passing through each point (z,y, z)
with tangent lines lying on the plane

P(l’,y, Z)(X - ‘T) + Q(‘rayaz)(y - y) + R(l’,y, Z)(Z - Z) =0. (4)

The set of the planes and points (4) defined by the equation (1) in general case
forms two-dimensional non holonomic variety M? which is generalization of the
surface.

For the variety M? may be extended many of the results of classical differential
geometry of surfaces. For example the notion of the asymptotic lines, curvature lines
and geodesic has analog for the variety M? [1-3].

In fact the solutions of the system

Pdx 4+ Qdy + Rdz =10, dPdr+ dQdy+ dRdz =10

or
Pi+y+R:=0,

Po(2)* 4+ Qy(9)? + R.(2)® + (P + Qu)2y + (P, + Ry)iz + (Q. + Ry)yz =0

give us the curve lines of the variety M? which are the analog of the of asymptotic
lines on the holonomic surface.
The notion of the curvature lines also can be generalized on the variety M?2.
They may be of the two kinds and one of them is defined by the solutions of the
system of equations
Pdx + Qdy + Rdz = 0,
2Pydx + (Qz + Py)dy + (Py + Ry)dz P dx
(Qz + Py)dx +2Qudy + (Q- + Ry)dz @Q dy | =0.
(P, + Ry)dx + (Q. + Ry)dy + 2R.dz R dz

The notion of the geodesics also can be extended on the variety V2 (1) and they
may be of two types.
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The first type is determined from the condition

[ P(z,y,2) Q(z,y,2) R(z,y,2) ]
d d d
Ex(s) Ey(S) EZ(S) =0,

d? d? d?

@x(S) @y(S) @Z(S)

or

Py, 2)Ly(s) — (Lals)) Qg ) ) o alo)+
( ds (ds > ) ds

+ <—P(:c,y,z)dilsz(s) + <%$(8)> R(x,y,z)) %y(sﬂ-

+ d_zx(s) Q4 2) 2 2(5) — Ry, 2)Ly(s) ) =
(a0) (@0 -

This relation is equivalent the system of equations

Pr P (dedp dydQ  d:dR) 5
ds2 P24+ Q2+ R?>\dsds dsds dsds)

d%y Q dedP dydQ dzdR
@*ﬁﬁﬁﬁ%%%*@%*@E-ﬂ (6)
£ R (dedp dydQ | dzdRY .
ds? P24+ Q2+ R2\dsds dsds dsds)

Remark that after substitution of the corresponding expressions for the second
derivatives on coordinates from the (5)—(7) into the relations

dP(z,y,z)dr dQ(z,y,z)dy dR(z,y,z)dz d’x
ds ds * ds ds + ds ds + P(z,y,2) ds? +
d?y d’z
+Q(‘T7 Y, 2)@ + R(.’L’, Y, Z)@ =0

one get the identity.
The definition of the second type of geodesic in the system of integral curves of
the Pfaff equation (1) is more complicated and does not be used hereinafter.
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2 The Riemann extension of the affine connected space

The formulas (5)—(7) can be rewritten in form of geodesic of the R3-space
equipped with symmetrical affine connection H; (@l =TIE j(:nl )

d*z . dxd da¥

a5z TR s ds

In our case we get the system of equations
%ﬁ e <Px <%>2+(Py FQIS W by m) T Y g, <%>2+
HQ: + R )flyjz R. (%)j =0,
ds ds ds ds ds
HQ. + R, )%Z R, (%)j —0,
o TR (Pm (d—§> +(Py + Qx)dx dy +(P: + Rx)z—f%JrQy (%)Z
HQ. + R, )Zyjz R, (%)j —0,

A:P2+Q2+R2,

2 2 2
7y @ <Px (d—m> (P Q)W (p,y m) g, <@> +

where

from which we get the expressions for the coefficients of affine connection. They are

PP, PQ PR,
Hh:—A ) H%z_—Ay7 H:%,za_T’
QP; QQ QR,
H%lz A H%zz Ay7 H?}?):Tu
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2 Q(Py + Q) 2. — Q(P. + Ry) 2. — Q(Q: + Ry)
RP, RQ RR,
H:ﬂ—Ty I3, = Ay) H§3_T7
3 R(Py + Qq) 3. — R(P. + Ry) 3. — R(Q: + Ry)'
12 2A ) 13 2A ’ 23 2A

So with any equation (1) can be associated 3-dimensional affine connected space
and its properties will be dependent from the coefficients of connection Hfj which
are determined by the functions P, Q, R.

In general case such type of connection is not metrizable and corresponding space
is not a Riemannian.

Further we apply the notion of the Riemann extension of nonriemannian space
which were used earlier in [4-6].

Remind basic properties of this construction.

With help of the coefficients of affine connection of a given n-dimensional space
can be introduced a 2n-dimensional Riemann space D?" with local coordinates
(2%, ¥;) having the metric in form

Ods® = —oII};(a') Uyda'da’ + 24V, da” (8)

where ¥, are the additional coordinates.
The important property of such type metric is that the geodesic equations of
metric (8) decomposes into two parts

ik +Thi'dl =0, (9)
and 52, N
—5 + R} 30, =0, (10)
where

5\I’k d\I/k 1 dacj
—— = —— — V==
ds ds J ds
and Rfc ;i are the curvature tensor of 3-dimensional space with a given affine connec-
tion.
The first part (9) is the system of equations for geodesic of basic space with local
coordinates =’ and they does not contains the supplementary coordinates Uy,.
The second part (10) of the full system of geodesics has the form of linear 3 x 3
matrix system of second order ODE’s for supplementary coordinates Wy,
- -
% + A(s)% + B(s)¥ = 0. (11)



74 VALERY DRYUMA

It is important to note that the geometry of extended space connects with ge-
ometry of basic space. For example the property of the space to be Ricci-flat keeps
also for the extended space.

This fact give us the possibility to use the linear system of equation (11) for the
studying of geometrical properties of the basic space.

In particular the invariants of £ x & matrix-function

under change of the coordinates Wy can be of used for that.

The first applications the notion of extended spaces for the studying of nonlinear
second order differential equations connected with nonlinear dynamical systems have
been considered in articles of author [4-6].

Here we consider some properties of the space defined by the Pfaff equations
connected with a nonlinear dynamical systems.

3 The Lorenz dynamical system

The equations of Lorenz dynamical system are

dx dy dz
—oy—a), Lere—y-s, T=ay-b (12)

where o, b, r are the parameters.

These equations describe the behaviour of the flow lines along the vector field

—

N=lo(y—x),re —y — zx,xy — bz|

depending from the parameters o, b, r.
The properties of non holonomic variety L? in this case are determined by the
following Pfaff equation

dx dy dz
E+(rx—y—z:1:)£+(xy—bz)g—0. (13)

The object of holonomicity for the Lorenz vector field is

oy — )

(N,rotﬁ) =oxy—20x° 4+ y? — bar + bz% + bzo.

The properties of asymptotic lines of the corresponding variety M? are defined
by the system of equations

(2 pn)) (o) +( 209 () + (i)
« <%z(s)>2 + <(%P(x,y, 2+ %Q(m,y, z)> <d%g;(s)> %y(s)—k
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+ (({%P(az,y,z)—ka%]%(az,y,z)) (%x(s)) disz(s)—i-
+(porena) + Q) (126)) fue =0
P(z,y, z)diix(s) +Q(z,y, z)disy(s) + R(z,y, z)disz(s) =0, (15)

which take the form

(=bz + zy) d%z(s) + (re —y — zx) %y(s) +(cy—ox) d%x(s) =0. (17)

We find from these equations the

%x(s) - (—; T
« {_ <%y(s)> ro 4 <%y(8)> Y+ (%y(s)) o ((%z(s)) wy + <%z(s)> bz} ,
(18)
. A (x(s))* + Ba(s) + C =0, (19)
where

A= (—o2(s)+ o7 —0) (%y(s))z + (%y(s)) - <%z(8)> y(s) — b (%z(s))z o

B = (= (y(s))*+2bo y(s)+y(s)b=(s) <di“> !

+ (rba(s) 2 2(5) (y())” =0 b(5) = (2(5))” b=27 (y(s))* =07 (y(s))*+(y(5))*) %
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x (%y@)) %z@) + (1) = W) = 2(5) (w(s))?) <§y<)>

After differentiating the equation (19) on the variable s and taking into account the
d
expression (18) for ? we get the relation
s

E(2(s))® + F (2(s))? + Hz(s) + K =0 (20)

with some functions E, F, H, K which does not contains the variable x(s).
The resultant of the equations (19) and (20) with regard of the variable

d _ E?J(S)
w0
dzy
give us a following conditions
d 2
(r=1=2)y(2)-y(z) —bz + (y(2))" =0, (21)
Ly s Ly —o (22)
dz7\c dz7\c -

where the coefficients of equation are

L _ 432 2 2 2\ .3
T35 2*b —|—<20b +b(y(2)) +2rb)z—|—

+ ((—2 rb—20b) (y(2))? +40b* — r2p? — %% — 20b2r> 24

(WD + (% + 20 b+ 1%~ 408) (y())*) 2+ (1= 7) (y(=))",
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M
y(2) (1 =7+ 2)

—1/2 =250 + <30b2 +3rb® + b(y(z))z) 224
+ ((—201) —rb—2b) (y(2))? —20b*r — 202 + 40 b — r2b2) 2+

+ () + (=3ob+arb+rb+0’b) (y(2))?,

N =32 4 (=3 (42 — 28 + 20 8)
+ (b (y(Z))4 + (5 T‘bz + 4O'b2) (y(z))2 + O'2b3 + 7"2b3 _ 20b37‘) 252—|-
+((=rb—20b—30) (y(=))" + (=80 b7 — 202 + 1206 — 20%7) (y(2))*) 2+

+ (y(z))6+(2 rb+o’b+20rb—b—40 b) (y(z))4—|—(40 b* + 40 770> — 80 b?r) (y(2))?

The solutions of the first order differential equations (21), (22) together with
conditions (16)-(17) allow us to get the expressions for asymptotic line of the variety
L2,

Let us consider some examples.

The equation (22) has a set of singular solutions y(z).

One of them determines from the relation

220+ (—20b—2rb) z+ > +2bro+br2 —40b+bo% =0

which presents the second order curve in the plane (z,y).
Remark that the equation (22) presents the algebraic curve

®(y',y,2) =0

of genus g = 1 with respect to variables 3,y in case r # 1 and genus g = 0 when
r=1.
According with general theory some of such type equations can be integrated with
help of elliptic functions or can be brought to integration of the Rikkati equation.
In both cases the properties of asymptotic lines should be dependent from the
parameters of model.

4 The Rossler dynamical system

Differential equations of the Rossler dynamical model are

d—$—— -z @—x—i-a
dS_ y ) dS_ y7

where a, b, c are the parameters.

%zb—i—xz—cz, (23)
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For corresponding non holonomic variety V2 we have a following Pfaff equation

dx dy dz
(—y—z)g+(m+ay)£+(b+:nz—cz)£—0. (24)

The object of holonomicity for the Rossler vector field is
(]V,rotﬁ) =—x+zz—ay—ayz+2b—2cz.

In this case the properties of the system (16)-(17) for asymptotic lines are deter-

mined by the equation
2

A%y(z) +B=0 (25)
where )
A= (—y(2)az + az — az* + y(z)a) <dilzy(z)> +
+ (202 —2y(2)az ~ 202() 2 (4()* ) y(z)-
—ay(2)z® — 2bz — e+ e2® + y(2)e+ b2 — ey(2)z —a (y(2))? 2+
+(y(2))*a+ b+ az?y(z)
and

B =2+ 9(e)  (ve) ) ante) + (00 e-

d 5 d 2

- (Ey(z)> a—az <£y(z)> + b) )
This is equation of the second range at the condition a # 0.
In the case a = 0 it takes a form of the first range equation

(2bz—y (2) c+2°c—c2® —btcy (z) 2—bz?) d—2y (z)+2 cziy (z)+
dz? dz
d
2y (z) ¢y (2)+2bz+2y(2)b=0.

At the conditions a = 0, b = 0, ¢ # the properties of asymptotic lines of corre-
sponding non holonomic variety are dependent from the solutions of the equation

2
(=2~ y(2) +y(2) ) gy () + 220y (2) + 2y () oy () =0
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5 Quadratic systems

Here we consider the properties of the Pfaff equations connected with a polyno-
mial differential systems in R? defined by

dx dy
- = - = 2
75 = Pley), = =alzy), (26)
where p(x,y) and ¢(z,y) are polinomials of degree 2.

The system (26) takes the form of the Pfaff equation after extension on a pro-

jective plane
(zQ(2,y,2) —y P(2,y,2)) dz — 2Q (2,y,2) dv + 2z P (2,4, 2) dy = 0, (27)
where

P(‘TJ y? Z)? Q(x7 y? Z)? R(‘TJ y? Z)

are the homogeneous functions constructed from the functions p(x,y) and ¢(z,y).
As example for the system

d
d—$:kx+ly+am2+ba:y+cy2, d—y::mx+ny+em2+fxy+hy2,
s s

with a ten parameters one get a Pfaff equation after a projective extension

. ((—ny — ma) 2> + (—hy® — fay — ex?) z) do + ((ly + kz) 2°+
+ (cy® + bry + az®) 2) dy + ((—ly* + (n — k) 2y + ma?) z — cy+
+ (h—b)2y® + (f — a) 2%y + ex®) dz = 0. (28)
This equation corresponds the system
Y Py, LeQy), =Ry, (29)
where

P(.’L’,y, Z) = (_ny - mx) 22 + (—hy2 — ffl'y — 6%2) Z,
Q(z,y,2) = (ly + kz) 2% + (cy® + bay + az?) z,
R(z,y,2) = (—ly2 +(n—k)zy + m:z:2) z—cyd + (h—b)zy? + (f — a) 2%y + ex®

It is important to note that the vector field N = (P,Q, R) connected with a
system (32) is holonomic due the condition

(N,rotN) = 0.

Corresponding Pfaff (31) equation is integrable and determines the family of
developing surfaces U(z,y, z) = C in the R3-space.
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The investigation of the asymptotic lines of the surfaces which corresponds the
equation (31) may be useful in applications.

Let us consider some of examples.

The system of equations

d
e ==+ 2y + day + (2 + 3u)y>,

d
a =52 4 622 + 4(1 + p)xy + py?, Is

ds

with (=71 +17,/(17)/32 < u < 0 posseses the invariant algebraic curve
x? + 23 + 2%y + 2pay® + 2uxy® + mulyt = 0.

The conditions of compatibility of equations for asymptotic lines of the variety
defined by the corresponding Pfaff equation lead to a following conditions on the
functions

B +4u+2) (y())*+Ou+6)z(s)y(s) +6 (v (s))” =0,
(y()*p+ (=2p—1)a(s)y(s) =3 (x(s))* = 0.
The values of parameter p determined by the conditions
Bu+10)(p+4)(p—2) =0, p=0

are special.
Next example is the system with at least a four limit cycles.

d
— = ka —y — 1022 + bxy + 32, —y::x+x2+fxy,
ds ds

The studying of asymptotic lines for this system give a following conditions on
parameters

10k2+11 fl2+ 2R3 =Tk +2 fk—9b+ k> —80—81 f + b2k +2bk> +9bk+9 fbk = 0
and functions

28+ 10y (2) 2% — (y (2))° + faPy (2) — bz (y (2))* = 0,

fly@)? = fy @) ke + (y()* +y (@) bz +y (@) & — ka® — 102” = 0.

Remark that these equations equivalent the equations of direct lines.
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6 Cubic systems

By analogy can be investigated the properties of the asymptotic lines of the
surfaces connected with the system

dx

ds = p(xvy)v dy = Q(‘ray)7 (30)

i
where p(x,y) and ¢(z,y) are polinomials of degree 3.
Let us consider the examples.
The system
dx dy
- =Y, - =
ds ds
connects with the Van der Pol equation.
After extension on the projective plane we get an integrable Pfaff equation

—z — 2%y + mu’y (31)

(—x2z2 — 3y + xply® — y2z2) dz + (z3x + zaty — z3,u2y) dz 4+ yz3dy = 0.

The equations for the asymptotic lines of corresponding surface give the condi-

tions
2

2 + (y (2))* — apPy (2) = 0

and
—2? +2 (y (x)” + dap’y () = 0,

From the first condition we find
yl@) = (17202 + ()1/2 /T = 1) w,

and the second gives us

y(z) = (—,u2 +(=)1/2v/4pt + 2> .
For the system

dx 2 2 dy 2 2
o ), Yo 1 P
7 y+azx(z® +y ), I x+by(z” +y ) (32)

the point (0,0 is node at the condition ab > —1 and (a — b)? >= 4 and it has the
limit cycle around this point.
After extension we get an integrable Pfaff equation

(m2z2 + byx® 4 xby® — xbyz? + y?2? — yax® — axy® + yamz2) dz+

+ (2% + za2® + zazy® — ZPaz) dy + (23 — zbya® — zby® + 23by) dv = 0

with a developing surfaces as general integral.
The conditions on parameters for existence of asymptotic lines are

ab+1=0, —a+b=0.
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For the corresponding functions one get the equations of direct lines

wby (x) —2® —y (z) azx — (y (x))* = 0,

or

y(z) = aby (z) — 2 — y (z) az — (y (2))*,

and
(30ab+8ab — 254 — 9b? — 12a*) 25+

+(36b% + 76 ba® — 108 ab® — 4a® — 32a°0* + 32 ba’) ya®+
+ (690% + 53a% + 36a* — 64a°b — 134 ab + 24 ab® — 8a?b%) y?at+
+ (—24b° — 8ba® + 64a’b? + 8ab? +24a” — 64a%b?) Y2+
+ (—8a°b* — 134ab + 2440’ + 36 b* — 64ab® + 69a” + 53b%) y'a”+
+ (—32b% — 364 — 76 ab® + 32a”b® + 4b° + 108 ba?) y a+
+ (—250* — 9a* + 30 ab + 8ab® — 12b*) y° = 0

with a very complicate relations between the parameters a, b.

7 Quatric systems

The system

dr o 4 dy _ 3
it Ay + yz® — z°, T, = ez —o (33)

has a center and the limit cycle at the conditions a = 24 + A%, 0 < A < 5.107°.
After extension we get an integrable Pfaff equation

d d
(z2x3 - z4am) R (s)+ (—:1742 — Ay + szzy) 257 (s)+

d
+ (ax223 — otz 4+ Ay?2® — 22y + yx4) 757 (s)=0

with a developing surfaces as general integral.
For the functions one get the equations of direct lines

'+ (3a — 9A) 2%2® + (24 A* — 3 Aa) 2*2° + (A% — 36 A® — 2 Aa + oa®) %2+

(6 4% + 36 A’a — 12 A%a + 6a°A) 252% + (9a*A* — 18 A’a + 9 A*) 2! =0

and the family of conics
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8 Geodesics of the first kind

A geodesics of the first kind on non holonomic variety are defined by the system
of equations (5)-(7) .
Let us consider the solutions of this system of equations for the variety V2 defined

by the vector field B
F = [ayz,bxz, cxy],

where a, b, c are parameters.
In this case the condition N = 0 holds and variety is holonomic.
The system of equations for geodesics is

d d , d d
d_2$(8) N ayzz (c+b) <Ey(s)> Ez(s) ay“z (a+c) (Ex(s)> Ez(s)
ds? a?y?2? + 22222 + 2z?y? a?y?z? + 22222 + 2x?y?

d d
2 4 ol
s (a+0) (00)) () 0
a2y222 + 022202 1 a2y
2 d d brzy (a+c) ia:(s) iz(s)
a2 b2z (c+ b) (Sy(s)) EZ(S) Yy ds s

——Y(s) + +
dsz( ) ay?22 4 b22222 + c2a2y? a?y?z? + b22222 + c2x2y?

brz? (a+b) (Lz(s)) (%y(s)
=0

+
a2y2z2 + b22242 + c2x2y2

9

ca?y (c +b) <(%y(s)> dilsz(s) cy? (a + c) (%ag) %z(s)

—2(8) +
ds? (5) ay?22 + b22222 4 c2x2y? ay?22 + b22222 4 c2x2y?

cayz (a+b) (d%x(s)> %y(s)

=0.
a2y222 1+ 022252 + c2a2y?

This system of equations has an integral

d d d
ay(s)z(s)E:E(S) + bx(s)z(s)Ey(S) + ca:(s)y(s)%z(s) =0
and can be integrated.
In fact after substitution of the expression d%z(s) into the above equations one
get the algebraic relations with respect the variable z(s) which are compatible at

the conditions

2
(ab+0%) (2(y))* + 2bz<y>cyd¥‘lyz<y> + (ay’e + c*y?) (d%z@)) =0
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and lead to the solution
2(y) = y" C1

where

cb \/—cab(a+ c+b)
2 4ac 2+ ac

Finally we present the expression for the Chern-Simons invariant of affine con-
nection defined by the equations of geodesics (5-7) in case of the Lorenz system of
equations.

It has been obtained with the help of a six dimensional Riemann extension of
corresponding space and has the form

L
cSs(T) :/dedydz,

where
L=(2b+2-20)2*+ (30 +40r —4rb—2bo — 47) 22°+(2b + 2 — 20) 2°z*+

+(—37"02+402b—503—|—2b07‘—207‘2+402—|—2br2—|—27‘2) 2+

+(—27‘b—47‘—|—903—|—27‘02) yx + (—20—1—4—202 —207‘—1—2b0—4b2) 2yxr—

—((bor+20*+0*—02>—20r—or?)y—oy’)x+ (200> +2b° — 2b%) 22+

—|—(—40'3—02b—|—2—2b—02—|—0r+(—0+ba)z—bar—2a) Y2+

+ (—20()2 +27rb% + 2b%r0 — 2b202) z,
and
M = (:E2+b2) 22 + ((—2b—|—2)xy—2r:172) z+
+ (0 +1+2%) y? + (=20% —27) ay + (0 +7%) 2”.

References

[1] SinTsov D.M. Raboty po negolonomnoi geometrii. Kiev, 1972.
[2] SLUCHAEV V.V. Geometriya vektornyh polei. Tomsk, Izd. Tomskogo universiteta, 1982.
[3] AMmINOV YU.A. Geometriya vektornogo polya. Moskva, Nauka, 1990.

[4] DrRYUMA V. The Riemann Extensions in theory of differential equations and their applications.
Matematicheskaya fizika, analiz, geometriya, 2003, 10, N 3, p. 1-19.

[5] DRYUMA V. The Riemann and Einstein-Weyl geometries in the theory of ODE’s, their ap-
plications and all that. New Trends in Integrability and Partial Solvability, p. 115-156 (eds.
A.B. Shabat et al.). Kluwer Academic Publishers (ArXiv: nlin: SI/0303023, 11 March, 2003,
p. 1-37).

[6] DrRYUMA V. Applications of Riemannian and Einstein-Weyl Geometry in the theory of second
order ordinary differential equations. Theoretical and Mathematical Physics, 2001, 128, N 1,
p- 845-855.

Institute of Mathematics and Computer Science Received  April 5, 2005
5 Academiei str.

Chisinau, MD—2028, Moldova

E-mails: valery@dryuma.com; cainar@mail.md



