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Automodel solution for dynamic problem

of two-component media

Ion Naval

Abstract. In this paper behavior of two-phase elastic medium at the movement in
it of some concentrate load with supersonic speed was examined. Was obtained au-
tomodel solution for space in two-component problem at symmetrical axis. Analysis
of obtained analytic solution demonstrates that major tensions and displacements are
situated in the domain of the longitudinal and transversal wave action. As conse-
quence, energy at the load movement is consumed preponderant to compressing and
removing in the domain of superposition of all waves.

Mathematics subject classification: 74H15.
Keywords and phrases: Dynamic problem, wave propagation, automodel solution,
two-component medium.

Homogeneous elastic two-component medium is considered. Let this medium
is not deformed and concentrated load with speed υ 0 parallel to z axes is moved
forward in it. It is necessary to investigate wave movement, turned up in this
medium, satisfying equations of spatial axisymmetrical movement of two-component
elastic medium.

Behavior of this medium is described by the following equations of movement
[1–4]:
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π0 = ρ 1/ρα 2 (qx + qy) + ρ 2/ρα 2 (εx + εy) ,

where U1, U2, V1, V2 – vector components of solid phases displacement; σrr, σrz,
σzr, σzz, σθθ, πrr, πrz, πzr, πzz, πθθ – tensor tension components; εrr, εrz, hzr,
εzz, εθθ, qrr, qrz, hzr, qzz, qθθ – deformation components; ρ11, ρ22 – effective
weights components at their relative movement; ρ 11 + ρ12 = ρ1, ρ22 + ρ12 = ρ2,
ρ12 – ”connecting parameter” between components of a mixture having dimension
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of weight or complementary apparent weight in relation to component motion; ρ1,
ρ2 – density of phases; b – diffusion coefficient.

In roz coordinate system, in conditions of flat deformed state, relation between
component of tension and deformation become:

σrr = −α2 + (λ1 + 2µ1) εrr + λ1(εzz + εθθ) + (λ3 + 2µ3) qrr + λ3(qzz + qθθ);

σθθ = −α2 + (λ1 + 2µ1) εθθ + λ1(εzz + εrr) + (λ3 + 2µ3) qθθ + λ3(qzz + qrr);

σzz = −α2 + (λ1 + 2µ1) εzz + λ1(εrr + εθθ) + (λ3 + 2µ3) q zz + λ3(qrr + qθθ);

πrr = −α2 + (λ2 + 2µ2) qrr + λ2(qzz + qθθ) + (λ4 + 2µ3) εrr + λ4(εzz + εθθ);

πθθ = α2 + (λ2 + 2µ2) qθθ + λ2(qzz + qrr) + (λ4 + 2µ3) εθθ + λ4(εzz + εrr); (2)

πzz = α2 + (λ2 + 2µ2) qzz + λ2(qrr + qθθ) + (λ4 + 2µ3) εzz + λ4(εrr + εθθ);

σrz = 2 (µ1εrz + µ3qrz) − λ5 (hrz − hzr) ;

σzr = 2 (µ1εrz + µ3qrz) + λ5 (hrz − hzr) ;

πrz = 2 (µ2qrz + µ3εrz) + λ5 (hrz − hzr) ;

πzr = 2 (µ2qrz + µ3εrz) − λ5 (hrz − hzr) ,

here α2 = λ3 − λ4 – constant having dimension of tension; λj , µj , (j = 1, 5) –
Lame coefficients;

Following ratio connects the components of deformations and displacement:

εrr = ∂U1/∂r, εθθ = U1/r, εrz = ∂U1/∂z + ∂V1/∂r, εzz = ∂V1/∂z;

qrr = ∂U2/∂r, qθθ = U2/r, qrz = ∂U2/∂z,+∂V2/∂r, qzz = ∂V2/∂z; (3)

hrz = ∂V1/∂r + ∂U2/∂z, hzr = ∂U1/∂z + ∂V2/∂r.

Equations of motion (1) after simple transformations in the base of formulas (2),
(3) can be represented in such a way:
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where Aj1 = λj+2µj+(−1)j ρ3−j α2

ρ
; Aj2 = µj−λ5; Bj1 = λ2+j+2µ3+(−1)j

ρjα2

ρ
;

Bj2 = λ5 + µ3.

Entering potential functions Φj and Ψj as follows:

Uj =
∂Φj

∂r
−
∂Ψj

∂z
; Vj =

∂Φj

∂z
+
∂Ψj

∂r
+
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r
(j = 1, 2) . (5)

equations (4) can be reduced to four wave equations by equating to zero diffusion
coefficient (b = 0.)

Really, if to put Φ1 = ϕ, Φ 2 = β ϕ, Ψ1 = ψ, Ψ 2 = γψ, where the parameters
β, γ are determined from algebraic equations:

a∗1β
2 + b∗1β + c∗1 = 0; (6)

a∗2γ
2 + b∗2γ + c∗2 = 0; (7)

and a∗1 = B11ρ22 − A21ρ12; b∗1 = ρ12 (B11 −A21) + ρ22 (A11 −B 21); c∗1 = A11ρ12 −

A21ρ11; a
∗

2 = B12ρ22−A22ρ12; b
∗
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(6), (7) have till two radicals, Φ1 = ϕ1 + ϕ2, Φ2 = β1ϕ1 + β2ϕ2, Ψ1 = ψ1 + ψ2,
Ψ2 = γ1ψ1 + γ2ψ2, the system (4) is disintegrated, by virtue of its linearity, on
following wave equations:
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b2j =
A12 + γjB12

ρ11 + γjρ12

=
B22 + γjA22

ρ12 + γjρ22

(j = 1, 2) . (10)

Note through aj – speed of longitudinal wave propagation, and through bj –
speed of transversal waves in two-component medium. By the virtue of hyperbolic
type of the initial system and expressions (9), (10) for definition of speeds, the elastic
constants λkµk must be subjected to additional restrictions, given by the following
inequalities: A11B21 −A21B11 6= 0; µ1µ2 − µ2

3 6= 0; p1p2 − p3p4 6= 0; ϑ 6= 1, where

pj = λj + µj; ϑ = ϑ1 − ϑ2; ϑ1 =
α2 (ρ2p2 − ρ1p4)

ρ (p1p2 − p3p4)
; ϑ2 =

α2 (ρ1p1 − ρ2p3)

ρ (p1p2 − p3p4)
.

Passing to mobile coordinate system, connected to driving load (transformation
of Galilee) z = z + v0t, r = r, — t = t, and for convenience omitting dashes, the
system of equation (8) can be reduced to the form:

∂2ϕj
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+

1

r

∂ϕj
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;
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∂2ψj

∂ t2
, (11)

where δ2j =
v2
0

a2
j

− 1, ε2j =
v2
0

b2j
− 1.

The equation (11) describe axisymmetrical motion of elastic two-component
medium relative to mobile coordinate system under impact of concentrated source.
And it demonstrates, that in this medium the disturbance are diffused in form of
two longitudinal waves and two transversal waves.

Let’s search the automodel solutions of equation (11) in the form:

ϕj = z2fj(ξ), ψj = z2gj(ξ), (12)

where ξ = r/z – dimensionless coordinate. In the base of (12) equations (11) are re-
duced to ordinary second-order differential equations concerning unknowns functions
fj(ξ), and gj(ξ):

(1 − δ2j ξ
2)ξf”

j + (1 + 2δ2j ξ
2)f

′

j − 2δ2j ξfj = 0; (13)

(1 − ε2jξ
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′

j − (1 + 2ε2jξ
2)fj = 0 (j = 1, 2) . (14)

The particular solutions of equation (13) are fj = δ2j ξ
2 + 2 and the general

solutions take a form:

fj = (δ2j ξ
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




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
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


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On fronts of longitudinal waves (ξ1j = 1/δj) functions fj(ξ) = 0, therefore constant
of integration C1j = 0.

The particular solutions of equation (14) are gj = ε2jξ, and general solutions take
form:

gj = ε2jξ
2






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
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




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The functions gj(ξ) are determined in areas, 0 ≤ ξ ≤ 1/εj and they are equal to
zero on transversal wave fronts of (ξ2j = 1/εj), therefore, C3j = 0.

Thus, the tensioned and cinematic state of medium is determined with consider-
ation of superposition of the corresponding waves. In the field of volume dilatation
searched functions are determined only through the functions fj(ξ), but in the area
compression-displacement through the functions fj(ξ)and gj(ξ), in dependence of
the corresponding waves degree’s superposition.

Under general solutions (15) and (16), according to equality (12), the potential
functions ϕj and ψj, necessary for finding of displacement components Uj and Vj

from (5) are determined; by means of the last, components of deformation from (3)
are received, finally giving from (2) components of tension influencing on medium.

The components of displacement Uj and Vj in the field of volume expansion are
determined by the following formulas (we shall suppose C3j = C4j = Cj):

Ui

z
=

2
∑

j=1

Cjβ
i−1
j

(

ηj

2ξ
+

1

4
δ2j ξ ln

1 − ηj

1 + ηj

)

;

Vi

z
=

2
∑

j=1

Cjβ
i−1
j

(

ηj +
1

2
ln

1 − ηj

1 + ηj

)

(i = 1, 2), (17)

where ηj =
√

1 − δ2j ξ
2.

The components of tension in these areas look like:

σrr = −α2 +

2
∑

j=1

2
∑

i=1
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j

{

1

2

[
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]
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}

;

σθθ = −α2 +
2

∑
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∑
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1
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}

;
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2

∑
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j

{

1

2

[

λ2i−1δ
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]

ln
1 − ηj
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}

;
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2
∑

j=1

2
∑

i=1
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ξ
;
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λ5

2
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; (18)

πrr = α2 +
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∑
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∑
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}
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πzz = α2 +
2

∑

j=1

2
∑
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{

1

2

[
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∑
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∑
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j δ2j ξ ln
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.

In remaining areas, where medium is affected by both longitudinal and transver-
sal waves, components of displacement and tension expressed through fj(ξ) and
gj(ξ), receive such a form:

Ui

z
=

2
∑

j=1

Cj

{

βi−1
j

[

ηj

2ξ
+
δ2j ξ

4
ln
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2

[
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2
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]

}

;

Vi

z
=

2
∑

j=1
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1

2
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[
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2

ln
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]}

;
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βi−1
j
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1

2

[
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]
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ξ2

]

−
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j

[
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2
−
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2

ln
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1 + ζj

]}

;

σθθ = −α2 +

2
∑

j=1

2
∑

i=1

Cj

{

βi−1
j

[

1

2

[

(λ2i−1 + µ2i−1) δ
2
j + λ2i−1

]

ln
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1 + ηj

+ µ2i−1
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ξ2

]

−

−3γi−1
j

[

ζj

ε2jξ
2
−
εj
2

ln
1 − ζj
1 + ζj

]}

;

σzz = −α2 +

2
∑

j=1

2
∑

i=1

Cj

{

βi−1
j

[

1

2

[

λ2i−1δ
2
j + (λ2i−1 + 2µ2i−1)

]

ln
1 − ηj

1 + ηj

]

+

+
3γi−1

j

2

[

λ2i−1

1 + εjξ − ε2jξ
2

ξζj
− 2µ2i−1εj ln

1 − ζj
1 + ζj

]}

; (19)

σrz + σzr = 8
2

∑

j=1

2
∑

i=1

Cjµ2i−1







βi−1
j





2ηj

ξ
+

3
(

1 − δ2j

)

ηj

δjξ



+

+3γi−1
j





εjζj
ξ

+

(

1 − εjξ
)

2ζj











;
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σrz − σzr =
λ5

2

2
∑

j=1

Cj(−1)j+1







βj−1

j δ2j ξ ln
1 − ηj

1 + ηj

+ 3γj−1

j





εjζj
ξ

+

(

1 − εjξ
)

2ζj











;

πrr = α2 +

2
∑

j=1

2
∑

i=1

C3−j

{

βi−1
j

[

1

2

[

(λ2i + µ2i) δ
2
3−j + λ2i

]

ln
1 − η3−j

1 + η3−j

− µ2i

η3−j

ξ2

]

−

−3γi−1
j

[

ζ3−j

ε2
3−jξ

2
−
ε3−j

2
ln

1 − ζ3−j

1 + ζ3−j

]}

;

πθθ = α2 +

2
∑

j=1

2
∑

i=1

C3−j

{

βi−1
j

[

1

2

[

(λ2i + µ2i) δ
2
3−j + λ2i

]

ln
1 − η3−j

1 + η3−j

+ µ2i

η3−j

ξ2

]

−

−3γi−1
j

[

ζ3−j

ε2
3−jξ

2
−
ε3−j

2
ln

1 − ζ3−j

1 + ζ3−j

]}

;

πzz = α2 +
2

∑

j=1

2
∑

i=1

C3−j

{

βi−1
j

[

1

2

[

λ2iδ
2
j + (λ2i + 2µ2i)

]

ln
1 − η3−j

1 + η3−j

]

+

+
3γi−1

j

2

[

λ2i

1 + ε3−jξ − ε23−jξ
2

ξζ3−j

− 2µ2iε3−j ln
1 − ζ3−j

1 + ζ3−j

]}

;

πrz + πzr = 8
2

∑

j=1

2
∑

i=1

C3−jµ2i







βj−1

j

2η3−j

ξ
+ γj−1

j

3
(

1 − ε23−j

)

ζ3−j

ε3−jξ







;

πzr − πrz =
λ5

2

2
∑

j=1

Cj(−1)j−1







βj−1

j δ2j ξ ln
1 − ηj

1 + ηj

+ 3γj−1

j





εjζj
ξ

+

(

1 − εjξ
)

2ζj











,

here ζj =
√

1 − ε2jξ
2.

From the general solution is evident, that in origin (ξ = 0) components of dis-
placement and tension tend to infinite and arbitrary constants, which must be de-
termined from boundary conditions, remain unknown. Such automodel solutions
can correspond to processes of burning and detonation, in which allocated energy
grows on time.

The analysis of obtained above analytical solutions demonstrates, that the main
predominant displacement and tension are watched in areas, where medium affected
by longitudinal and transversal waves simultaneously, so the main part of concen-
trated load motion goes to compression and in the field of their superposition.
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