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Variety of the center and limit cycles of a cubic system,
which is reduced to Lienard form
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Abstract. In the present work for the system & = y(1+ Dz + Px?), § = —x + Az® +
3Bzy+Cy?+ Kx3+3Lz’y+ Mxzy?+ Ny 25 cases are given when the point 0(0,0) is a
center. We also consider a system of the form & = yPy(x), § = —x+ Pa(z)y* + Ps(x)y?,
for which 35 cases of a center are shown. We prove the existence of systems of the
form & = y(1+ Dz + Px?), y = —x 4+ Ay + Az? + Cy® + Kz® + 3La’y + May® + Ny?
with eight limit cycles in the neighborhood of the origin of coordinates.
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1. We will consider the system of differential equations
i =y(14+Dx+Pz?), § = —x+ Az*+3Bry+Cy*+ K2® +3Lz*y+ Mzy?+ N>, (1)

where A, B, C, D, K, L, M, N, P are real constants. The origin of coordinates of
system (1) is a critical point of the center or focus type. The center-focus problem
for (1) in the case of D = P = 0 was first investigated by I.S. Kukles in [1]. In [2,
3] for the system (1) for D = P = 0 necessary and sufficient center conditions of
algebraic nature were given. For B = D = P = 0 the solution of the center-focus
problem for (1) is in [4-7]. In the case of N = 0 the center-focus problem for (1)
was solved in [8]. In [9] all the cases of the center for system (1) for D = P =0
were found, although their necessity was not established completely. Using Cherkas
method [10; 11, p.70] the center-focus problem for D = P = 0 was solved in [12];
on the basis of investigation of focal values the solution of this problem was reduced
in [13]. In [13] the existence of cubic systems of nonlinear oscillations with seven
limit cycles was also proved. In [14] it was shown that in the case of the existence
of invariant straight line the necessary and sufficient center condition is the equality
to zero of the first five focal values. The case of reversible system of the type (1)
from the class CR1? was shown in [15].
Together with the system (1) we consider a system of the form

i =yPy(z), § = —x + Pa(z)y® + P3(z)y, (2)

4
where Py(z)=1+ 3" cpa®, Po(2)= Y apa®, Py(z)= 3" bya*, a;, bj, ¢, € C,i=0,3,
k=1 k=0 k=0
j =0,4, k =1,4. System (1) by change y = (1 — Az — K2?)Y/[1 + (B + Lz)Y] and

3 4
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change of time [3] is transformed to the system (2), where

ap=A+C, a; =3B+ AD-C)+2K + M,
as = K(2D — C)+6BL + AP — M),  a3=3L*+ K(2P — M),
c1=D— A, co=P—-—K—-AD, c3=—-DK — AP,
cs=—-KP, by=B(A+C)+ L+ N,
by = B[2B* + A(D — C) + 2K + M] + L(C + D) — 2AN, (3)
by = B[K(2D — C) + 6BL + A(P — M)] 4+ L(K + P — AC) + N(A? - 2K),
by = B[6L* + K(2P — M)] + L[K(D — C) — AM] + 2AKN,
by = L[2L? + K(P — M)] + K°N.

There exists a formal series for system (1)

o0
U=2a2>+9>+ Z i jz'y, (4)
i+j=3

for which on account of (1)

7= Zfi($2 1 y2)it,

i=1
where f;, i = 1,2,... , are the focal values of system (1). If in (4) go2; = O,
1=2,3,..., then the function U and focal values f;, i = 1,2,..., are defined in a

unique way.

Let us form the ideal [16, p. 46] J = (f1,..., fo,...), where f;, i =1,2,...,
are the focal values of system (1). Together with the ideal J we will use the ideals
Ji = (f1,-.., fi), i = 1,2,... . The first focal value of system (1) has the form:
fi = B(A+ C)+ L+ N, the second focal value fo has 38 summands, the third —
192, the 4th — 702, the 5th — 2093, the 6th — 5406, the 7th — 12538, the 8th
- 26726, the 9th — 53212. To compute the focal values we use computer package
MATHEMATICA 5.0. The program for the computing of the focal values is in the
paper [13].

The focal values f;, i = 1,2,... , are the polynomials from the ring C[q], where
g =(A, B,C,D,K, L, M, N, P), that’s why J, J; C Clg],i = 1,2,... . The
variety of ideal J is the set [16, p. 108] V(J)={qe C? : V¥ feJ f(q)=0}, which we
name a variety of the center of system (1). For all 7,7 = 1,2,..., V(J;) D V(J).
It is obvious that the critical point O(0,0) of system (1) is a center if and only if
q € V(J). Thus a solution of the center-focus problem for system (1) is reduced to
finding the variety V(J).

The next result takes place [8]:
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11
Theorem 1. The next equality is true: V(N)(\V(J) = U V(Ji), where

k=1

J1=(B,L,N), J,=(A,C,D,L,N), J3=(A+C, A— D, N,2K — M, K +
P L), Jy = (A+C, N,2K(A +2D) — AM, M — 2P, L), J; = (A + 2C, 3A +
2D, N, A2 — 2P, AB + 2L), Js = (2A +3C, N, 2A?(A+ D) + (TA+6D)K, 2(A +
D)(A+2D)+ M, (A+ D)(A+2D)+ P, AB+3L), J; = (4A+5C + D, N, 2(A +
CYA+20)—K,2(A+C)(BA+4C) — M, (A+C)(3A+4C) — P, B(A+C) + L),
Js = (5A+6C + D, N, A(A+ C)(2A + 3C) + (5A+8C)K, (A + C)(2A + 3C) +
M, 3(A+C)(24+3C) =P, B(A+C)+ L), Jo=(TA+9C +2D, N, (A+C)(A +
30)2—(2A+50)K, (A+C)(2A+3C)—2M, 3(A+C)(2A+3C)—2P, B(A+C)+L),
Jio=(N,C(A+C) - K,C(A+C)(C - D)+ (A+2C)M — CP, B(A+C) + L),
Jii = (N, A(A+ C)(24A 4+ C + D) + (5A +4C + 2D)K, (A+ C)(2A + C + D) —
M, (A+C)A+C+ D)+ P, B(A+C) + L).

. o0 .
For system (2) we can construct the series (4), for which U = Y~ g;(z% + y?)"+1,

i=1

where ¢;, © = 1,2,... , are the focal values of system (2). The first focal value
of system (2) has the form g; = by, the second - g = 3agb; + by, the third - g3 =
3by+b3(13ag+2c1) —3b1(15a8 —2apa1 —a2+5a(2)cl +apc2), g4 contains 32 summands,
gs - 98, g - 241, g7 - 540, gs - 1084, g9 - 2024, g19 - 3581, g11 - 6039, g1o - 9772,
913 - 15325. Let’s introduce h = (ag, a1, ag, ag, by, b1, ba, b3, by, 1, 2, c3, ¢4). The
focal values g;, i=1,2,..., are the polynomials from the ring C[h]. Now we form
the ideal I=(g1, g2,...) C C[h]. The variety of the center of system (2) is a set
V(I)={heC3 : VgeI g(h)=0}. Together with ideal I we will consider the ideals
Ii=(g1,...,95),7=12,....

The first necessary center condition for system (2) has the form by = 0, then
the polynomial Ps(z) can be represented as Ps3(x) = zQ(x), where Q(z) is the
polynomial of the 3rd degree. Let’s denote

Ri(z) = Q'(x)Po(x) 4 3Q(z) P2 ()

then the second necessary center condition is R;(0) = 0. Taking into account this
condition we have Ry (x) = xQ1(x), where Q1 (z) is the polynomial of the 5th degree.
The next statement is correct [12]:

Theorem 2. The origin of system (2) is a center if and only if

bp =0, Rp(0) =0, k=1,2,..., (5)
where Ri(x) is expressed by the formula (4), Ri(z) = Q)_,(x)Py(x) +
(2k +1)Qp-1(2) Pa(x), Qp(z) = Rpa(x)/z, k=2,3,....

Let for system (2) the first four necessary conditions from (5) be held. Then the
next theorem takes place:

Theorem 3 [11, p. 70]. The origin of system (2) is a center if and only if the
system of equations

Q*(z)R}(y) = R} (2)Q°(y), Po(x)S(x)Ri(y) = Ri(x)Po(y)S(y), (6)
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where the polynomials Ry(x), S(x) and coefficients r;, s;, i = 0,5, have the form:

Ri(z) = [Q'(2) Po(w) + 3Q(z) Pa(x)] fw = 3 mpa®,

5

S(z) = 3R} (2)Q(x) — 5Q'(x) Ry (2)]/x = 37 spa®,

ot

rg = 2b3 — 3by (3&% —ay + apcy), 11 = 3bg + b3(3ap + 201) — 3b1(3apa; — ag + a0c2),
ro = 3bs(ag + c1) + b3(3a1 + 2¢2) — 3b1(3apas — as + apcs), 13 = 3bg(ag + c2) +
b3(3ag + 2c¢3) — 3agb1(3as + c1), 74 = 3bs(az + c3) + b3(3as + 2c4), r5 = 3bs(as +
04), So — —2[5(3&81)1 + b3)7’0 — 3[)17‘2], S1 — 5(7@01)3 — 3b4)T0 — 3b1(a07‘2 — 37’3),
So — 4[15(10()47‘0 — b37‘2 — 3b1(a0r3 — 7‘4)], S3 — —9b4r2 — b37‘3 — 3b1(7a0r4 — 57’5),
sS4 = —2(3bygrz — byry + 15agbi75), s5 = —3bsary + dbsrs, has an analytical in the
neighborhood of x = 0 solution y = (x), ¥(0) = 0, ¥'(0) = —1, or at least one of
the equations of system (6) is an identity.

2. We will consider the solution of the center-focus problem for system (2) under
various assumptions for the coefficients a;, i = 0,3, bj, j = 0,4, ¢4, k = 1,4.
To formulate a theorem we introduce the ideals Ey C C[h], k =1,9:

E = <b3, b4>, FEy = <9a%bl — 4bg, b4>, FEs = <b4 + agbl, by — 3a3b1>, Ey =
{ag — ap(3a2 — 2a1 + apcr + c2), 2(135a3 + 81adcy + 17age? + ¢3) — (4ag — ¢1)ca — 3es),
Es = (ag—t(ag—a1t+aot2), bs+b1t(3ag+1), by, Cg—t(262—3clt+4t2), C4—t2((32—
261t—|—3t2)> ﬂ(C[h], Eg = (ag—t(al—62—a0t—|—201t—3t2), a3—|—t2(02—201t—|—3t2), by —
t(bg + 3agbit + bltz), c3 — t(262 — 3cit + 4t2), Cq — t2(62 — 2cit + 3t2)> n (C[h], Er =
<a1, as, ag, 62,963, C4>, Eg = (7"0, r1, T2, T3, T4, 7‘5>, Eg = <80, S1, §2, 83, S4, S5>.

Let W= |J V(E), W c C'3.

k=1

Further we will use the next notations: a = a1 —ag(ap+c1), 8 = ap(3ap+c1)—ay,
v = 3ag + ¢1, § = 3ag + 2¢1, 0 = bag + ¢1, p = 3aghy + b, v = Qa%bl — 4bs,
T = ap(ad + aper + c2) — ag, € = ap(3ag + ¢1) +a;. We will denote by I, j = 1,13,
the following ideals:

Il = (b(), bl, bg, bg, b4>, [2 = <CLO, as, as, b(), bg, bg, b4>,

I3 = (ag, a2, c1, c3, by, ba, ba), Iy = (B, az—ao(3apy+c2), 3ap(3az+c3)+ca, a3—
CL()(?)CLQ + Cg), b, b3, u, b0>, Is = <2a1 — ago, das — CL()(3CL()5 + 462), 3&0(3&2 + 203) +
464, 2(13—(10(3&2—1—263), b4, v, W, b0>, IG = <3a(6a0+01)+6a0(3a05+02)+263, 3ﬁ(3f+
262)—464, 2a2—a(9ao+2cl)—2a0(aocl+02), 2a3+ﬂ(3§+262), by, 2bs—3aby, w1, by),
I; = <3§+202, 2a9 — B+ 2cs3, 'y(ag +’Yﬂ)+C4, ag—’y(ag —l—"}/ﬂ), b4+b1(a2 +705), 2bs—
3b1ﬁ) Ky b0>7

Iz = (a?(29% — ) +27(2ay+7), 6a? +27[3a0(2ag + 1) + c2] — a[5az — agy(11ag +
6c1) — ca(Tag + 2¢1) + 2¢3), 5a® — 2a%[13agd + c1(ag + 5er) — ca] — 2alag(135a3 +
161adc) + 56agct + 6¢3) — az(27ag + 8cy) + c2(45a3 + 20agcy + 2¢3)] — 47(ap (2243 +
18agcy + 3¢3) + oca + ¢z, 3a? — 2a(c? + 2a08 — ca) — 2[ady(ag + c1) — az(dag +c1) +
ap(ye2 — ¢3) — ca), 302 — 2a(c? + 2agd — c2) — 2[as + ady(ao + c1) — az(dag + ¢1) +
a0(702 — 63)], 2by — bl[a(an + 261) — 2((18 - T)], 2b3 — 3b1 0, u, b0>,

Iy = (ag — ap(a1 + c2 — 3a), aplap(ar + c2 — a) + c3] + ¢4, ag — aplag(a; + c2) +
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c3], agbr 4 ba, 3agbr — b, 1, bo), o = (2a5(8ag — c2) + ¢4, ao(20af — 3c2) — ¢3, az +
a0(12a(2) + 2a1 — Cg), o, a0(2a(2)bl — bg) — by, W, b()>, I = (CLQ + a0(15a3 + 2a1 —
c2), 10ag(9a3 — ca) — 3cs, 6ag+c1, ad(9a2 — c2) +ca, 3az —ad(18a2 +3a1 —ca), agbs +
3by, , bo), Iz = (2as + ag(2lad + 4ay — 2¢3), ap(189a3 — 34ca) — 12¢3, a3(27a3 —
4cg) + 2c4, 3az — ad(36a3 + 3a; — 4ca), 9ag + 2c1, agy — 3ba, 1, bo),

Iz = {(13ap + 2¢1)[2(30a3 + 12apc; + ¢2) + co] + 3a3, 2c3 + ao(81ai + 36agc; +
2¢2 +7c3), as —a%(al +2c9 —|—219a(2) +87agc1 +8¢2), az+ag(3a—ay —c3), 2a(2)(135a(2) +
54agci + 56% + C2) + ¢4, 3by — 6&%()1(6&0 + Cl) + b3(13a0 + 261), u, b0>

Notice that the bases of ideals I}, j = 1,13, have no more than nine elements.
Further we introduce the ideals I, j = 14,35, which have the form:

114 = (5&% + 2(11, as, as, bo, sy 5a(2)b1 - 4b3, b4, g, 25&% - 462, Cc3, C4>, 115 =
(15a%+4a1, 75a3 —16az, 125a¢+64as, by, 1, 35a3by —16bs, by, o, T5a3 —8ca, 125a3 +
16¢3, 625a3—256¢4), I1g = (10a3+3a1, 25a3—9aq, as, bo, u1, 20a3by—9bs, bs, o, 25a3—
362,125(18 + 27cs, C4>, L7 = <a1, as, as, bo, W, 10&%()1 + b3, by, 0, co, C3, C4>,

Iig = <a0(7a8+2a1)+a2, 3a(2)(2a(2)+a1)+a3, bo, i, b3, by, dap+cy, 20«34-62, 12a8—
c3, 9(140l —cy4), I1g = (2a0(2a(2) +a1) + ag, as, by, u, b3, by, Tag + c1, 16&% — Ca, 12&8 +
cs, C4>, Iy = <5a3—|—a1, as, as, bg, w, bz, by, 10ag+cq, 25&8—62, cs, C4>, I = <5a3+
ai, 25&8—4&2, as, bo, w, bs, by, 15ag+2cy, 75&%—462, 125&84—863, C4>, Iy = <5a%+
a1, 25a3—3ag, 125a3+27as, bo, p1, bs, bs, 20ag+3c1, 50a3—3c2, 500a3+27c3, 625a3 —
8164>,

Iy = <7a%+2a1, as, as, by, w, v, by, Tag+ci, 49@%—462, cs, C4>, Iy = <2a0(2a(2)+
a1) +az, ag, by, i, v, by, 1lag+2c1, 10a2 — c2, 6a3 +cs, c4), Ios = (Tad +2a1, 49a3 —
16a2, as, by, w, v, by, 21ag + 4cy, 147@% — 16¢9, 343@8 + 64cs, C4>, I = <a0(13a% +
8a1) + 4ag, 3a3(2a2 + a1) — 4as, bo, p, v, ba, 4ag + c1, 11a3 — 2c2, 3a3 + c3, Yad —
16¢4), Io7 = (Tak + 2a1, 49a3 — 12a2, 343a + 216as, bo, p, v, ba, 1dag + 3c1, 49a2 —
6ca, 343a3 + Hdcs, 2401ad — 1296¢4),

Ig = <2a0(2a(2) + al) + aq, as, by, i, b3, 4&8()1 — by, 7, C2, 4(18 — c3, C4>, Iy =
(2&0(2&8 + a1) + ag, as, by, u, v, agbl + 2by, 9ag + 2c¢1, 6a3 — C2, 2&8 +c3, ¢q), I3 =
(5a2 + 2a1, 25a3 — 16az, as, by, u, 45a3b; — 16b3, 25a3b1 + 32b4, 15a¢ + 41, THak —
16¢o, 125a3 + 64cs, c4),

I3y = (14a2 + 5ay1, 49a3 — 25as, as, by, p, 72a2by — 25b3, 112a3by + 125b4, 21ag +
o¢t, 147@% — 2bco, 343&% + 125c¢3, C4>, I3 = <5a§ + 3a1, ag, as, by, W, 50,%[)1 -
3b3, 25(18()1—27()4, 10&04—361, 25&%—962, C3, C4>, 133 = <7a%+3a1, az, as, bo, sy 5a(2)b1—
3b3, 7a8b1 + 27by, 14ag + 3cq, 49a3 — 9¢o, c3, c4), I34 = (a1, ag, as, by, u, 24a(2)b1 +
bs, 28&8 + by, Tag + c1, c2, c3, C4>, I35 = <a1, as, as, bo, W, 15&%()1 + 4bs, 25(18 —
2by, bag + 2¢q, co, c3, C4>.

Notice that the bases of ideals I14, ..., I35 contain 10 or 11 elements.

35
It is significant that V(Ij), k = 1, 35, are irreducible varieties. Let V = |J V(Ij).
k=1

Theorem 4. The next equality takes place: V. =W (V(I).

The proof of Theorem 4 is given in p. 3.
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Theorem 4 gives the solution of the center-focus problem for system (2) in the
case of h € W. It is obvious that V' C V(I). Question: is it true that W D> V(I)?
If W D V(I) then V = V(I), i.e. in that case Theorem 4 gives the solution of the
center-focus problem for system (2).

We will point out further the solution of the center-focus problem for system (1)
under different assumptions for the coefficients A, B, C, D, K, L, M, N, P. Let’s
construct the ideals G; C Clg], i = 1,17, in which a; (i = 0,3), b; (j = 0,4), ¢
(k = 1,4) are expressed by the formulas (3):

Gi1 = (bg, b4>, Gy = <4bg — 9a(2)b1, b4>, Gz = <b4 + agbl, by — 3a%bl>, Gy =
{ag — ap(3a2 — 2a1 + apcr + c2), 2(135a3 + 81adcy + 17age? + ¢3) — (4ag — c1)ca — 3es),
Gs = (ag—t(ag—a1t+aot2), bs+b1t(3ag+1t), by, Cg—t(262—3clt—|—4t2), C4—t2(02—
261t—|—3t2)> ﬂ(C[q], Ge = <a2—t(a1—CQ—a0t+261t—3t2), a3+t2(02—201t+3t2), by —
t(bg + 3agbit + blt2), c3 — t(202 — 3t + 4t2), c4 — t2(02 — 21t + 3t2)> ﬂ (C[q], Gr =
(al, as, az, C2, C3, C4>, Gg = <7‘0, r1, ro, T3, T4, 7‘5>, Gg = (S(), S1, 82, 83, S4, S5>,

Gio = <N>, Gi11 = (B), Gi12 = (K, L>, Gi3 = (A—I-C, 3K+M+P>, Gy =
(B(3A+3C+D)+L, (2A4+3C+D)(3A+3C+D)—K), G15 = (2(A+C)(2A+C+D)+
3K + M, (A+C)(A+C+D)+P), Gig = (3(A+C)(A+3C) 4K, 3B(A+C)+2L),
Gi7 = (Kt — (N — Ct)(N — At — Ct), 2N? — Nt(3C — D) +t?[C(C — D) + M —t(t +
3B)], 3Lt4+ N2(N —2Ct)+ N2(C2 + M — P+12) — 3]C(M — P)+£2(A+C)]) N Clg].

_ 7 25
Let G = U V(G;) and T = |J V(Ji), where the ideals J; C Clg], i = 12,25,
k=1 k=1
have the form:

Jio = (A+C, K(A—D)+AM+3BN, K(2K + M)~ N? 3K+ M + P, L+ N),

Ji3 = (3B? — (2A+3C)(4A+3C + D), B(A+C)+ N, K, 2(A+C)(3A+3C +
D)+ M,3(A+C)BA+3C+ D)+ P, L), Jiy = (6B> - (A+3C)(A+ D), B(A+
C) — 2N, 3(A+ C)(A+3C) — 4K, (A+ C)(3A+ 6C + D) + 2M, 3(A+ C)(3A +
3C +2D) + 4P, 3B(A+ C) +2L), J15 = (3B%2 — (A+ D)(2A + 3C + D), B(2A +
2C+D)— N, 2A4+3C+D)(3A+3C+ D) - K, (2A+3C+ D)(3A+3C + D) +
M, (34 +3C + D)(3A +3C +2D) + P, B(3A4+3C + D) + L),

Jis = (3(A+C) + D, B(A+2C) + 2N, 3AB? + 4K(2A + 3C), 6B? — A(2A +
3C) + 4K + 3M, 3B% — 2A(2A + 3C) + 2K + 2P, AB + 2L), J17 = (3(A+ C) +
D, 4(A+30C)(24+3C)2 +9B%(5A +7C), 3B(A+2C) — N, (A+3C)(24 + 3C) —
K, 27TB? —4(2A+3C)(A+4C) —4M, 27B? +12C(2A+3C) + 4P, B(4A+7C)+ L),

Jig = (TA4+9C+2D, 36 B2(11A+170)+(A+3C)(17TA+27C)?, 3B(A+C)(3A+
5C) —2N(17A+27C), 3(A+C)(A+3C) — 4K, (A—3C)(1T1A+139C) — 4(57A% +
27B? + 16M), 3(A + 3C)(67A + 73C) + 4(16A% 4 27B% — 16P), B(A+C) + L +
N, t(17A +27C) — 1) N Clq),

Jig = {((A+C)A+3C)2A+C+D)— K(A—C+ D)+ 3BN, (A+C)*(A+
2C)(2A+C + D)(2A+2C + D)+ K[(A+C)*+ K]+ N[3BB(A+ C) + N], 2(A +
CY2A+C+D)+3K+M, (A+C)A+C+ D)+ P, BLA+C)+ L+ N),

Joo = 2B%(A+2C)— (2A+C + D)(A?+4K) +4BN, A2(2A+C + D) +2(24+
C)(B?*+ K)+ AM +2BN, B(2B>+2K + M) — (2A+ C + D)(BC + N), A(4A +
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C+3D)+2(3B*>+3K+M+P), BLA+C)+ L+ N, t(A(2A+C+ D)>+2B%*(3A+
2C + D)) — 1) Cld],

Jo1 = (B?K — (BC+N)[B(A+C)+N], B(2B?>+2K + M)~ (2A+C+ D)(BC+
N), B[2AB? — K(A+ D)]+ (BC + N)4B?>+ A(A+ D)+ K+ P], B(A+C)+ L+
N, tB(BC + N) — 1) Clq],

Joz = ((6A+8C +D)(TA+9C + D)(TA+9C +2D) +2(A+ C)(2A+3C)(11A+
15C+2D), 27B%—12(2A+3C)(10A+11C)+(7A+21C—-23D)(7TA+9C+D), 3B(4A+
5C + D)(5bA + 7C + D) — (334 + 45C + TD)N, (4A + 6C + D)(5A + 6C + D) —
K, (A+C)2A+30) + (2A+3C + D)(TA+9C + D)+ M, (TA+9C + D)(TA +
9C +2D)+ P, B(A+C)+ L+ N, t(33A +45C + 7D) — 1) Clq|,

Joz = {(BA + 3C +2D)[(A + 3C)(11A4 + 18C) + 4(2A + 3C)(A — 3C + D)] —
12B2(4A +3C +2D) + 4K (TA+6C + 2D), B[(A+3C)(4A+7C) +2(A +20)(A —
3C + D) —4K] — 6B® —2N(2A + D), 6B?(3A+ C +2D) — (2A + 3C)[(54 + 3C +
2D)% +4K]— 12BN, 6B? — A(A+6C) — C(3C +2D)+2(2K + M), 3(A+C)(3A+
3C +2D) + 4P, B(A+ C)+ L+ N, t(2A + D)(7TA 4+ 6C + 2D) — 1) Clq],

Jos = (3BX(TA+6C +2D) + A[(2A+ C + D)(24+ C +2D) — 2(A+ C)(3A +
5C)] — K(A+2D), B[(A+C)(TA+10C) + (A+2C)(2A+ C + D) — 2K]| — 3B3 +
N(A+3C - D), 3B%*(3A+2C + D) — A[(A+ C)(5A+8C) + (C — D)(2A + C +
D)]+ AK —3BN, 3B2 —2A(A+3C) —C(3C+ D) +2K + M, 3(A+ C)(3A+3C +
D)+ P, B(A+C)+ L+ N, t(A+2D)(A+3C + D) — 1) Clq],

Jos = (A[(4A+3C +2D)(8A+9C +3D) — 3B+ K(13A+12C +6D), B[C(A+
6C)+6(2A+C+ D)(2A+3C + D) —2K] —-3B3— N(5A+3C +3D), A(4A+3C +
2D)(TA+9C +3D)+ (A+30)(3B2+2K)+9BN, 3B? — (2A+3C + D)(4A+3C +
2D)+2K + M, (3A+3C+D)(3A+3C+2D)+ P, B(A+C)+L+N, t(5A+3C +
3D)(13A4 4 12C + 6D) — 1) (N Clg];
and the ideals J;, i = 1,11 are from Theorem 1.

Theorem 5. The next equality takes place: T = V(J)(G.
The proof of Theorem 5 is given in p. 4.
Theorem 6. There exist systems of the form
i =y(14+Dx+ Pz?), § = —z+ \y+ Az’ + Cy? + Ka® + 3Lay + Mzy* + Ny>, (7)
having eight limit cycles in any infinitely small neighborhood of the origin.

The proof is given in p. 5.

3. Now we will examine the focal values of system (2). From ¢;=0 we

have by = 0, from go = 0 we find by = —3agb;. Taking into account bg, bo
from g3 we obtain by = by (15a3 — 2apa; — as + 5ade; + agea) — b3 (13ag + 2¢1)/3.
Using the quantities of by, be, by we can present gp, k& = 4,5,..., in the form:

gk = vibs + wiby, where vg, wy € Clag, a1, ag, as, c1, c2, c3, ¢s]. Construct the
ideal X = (vy4, wy, vs, ws,...) + (91, g2, g3). It is obvious that X D I.

13
Statement 1. The next formula takes place: V(X) = V(I3) J( U V(Ix)). Here
k=10
the ideals I, I, k = 10,13, are prime.
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Proof. Computing the Groebner basis [16, p. 105] for the ideal X7 = (v4, wy, ..., v7,
wr) + (g1, g2, g3) with the order

bo> bo>by> c3> cq> az> as> a1> o> 1> by> b1 > ag

we get X7 = (ag(5a0 + c1)7(6ag + c1)?(9ag + 2¢1)?[783a} + 432acy + Tdaoc? + 4¢3 +
ca(13ag + 2¢1)], ha, ..., hrg), where h; € C[h], i = 2,78. Further we find the ideal
X, = (a0(5a0 + cl)(6a0 +¢1)(9ag + 2¢1)[783a] + 432akc1 + Tdaoc? + 4¢3 + 02(13a0 +
2¢1)], hg, .. h25>' at the same time the radicals of ideals [16, p. 230] X7 and X,

are equal, ie. /X7 = \/)27. Using for X7 the operations of intersection and

13
division of ideals we find the radical \/ X7 = I3 N( N Ix). In that case VX7 =
k=10

((5a0—|—c1)(6a0—|—c1)(9a0+2cl)[783a0+432a0c1+74a0c1 +4Cl+62(13a0+201)], (bap+
c1)[3a3a; — 3as +2(4635a +3681ajc, + 1067&061 + 133&061 +6¢})+ (149&0 +6lagc; +
6¢2)ca), az —aop[3ag(ag+c1)—2a1+ca), 29727a3 +29835agc1 +11766a3c? +2278a3c3 +
216&001+86‘;’—|—(501a0+299a001+60a001+461)02—3a064, (105705a0+105705a001+
41553aic? + 8019&061 + 758aqc] + 28¢7) + 2(1755a3 + 1053ac; + 211apc? + 14¢3) ey +
3ciey, (135&% + 81&001 + 17agc? + ) — (4ag — c1)ca — 3cs, 3by — 6a0b1(6a0 +ac)+
b3(13ag + 2¢1), 3apby + b, b()>.

Let us show that V(X) = V(X7). For that it is enough to show that for h €

13
V(I3) U ( U V(Ix)) O(0,0) is a center. Let at first h € V(I13). In that case Py(z) =
k=10
(1—agz)°Py(2)/[1 — (6ag +c1)z], Q(x) = (1 —aopx)*Qo(2), Ri(x) = (1 —aox)’Ro(2),
where
Py(z) = 1 — [32(326a3 + 180a2c; + 33agc? + 2¢3) — 9a32%(5ag + ¢1)?]/(13ag + 2¢1),
Ro(2) = [2b3 — 3b1(3a3 — a1 + agcr) + 32(3a2by (615a3 — 13agay + 355a3¢1 — 2a1c1+
(8)
66agc? + 4¢3) — b3 (665a5 — 13apar + 375a2c; — 2a1cy + 68apct 4 4¢3))]/(13ag + 2¢1),
Qo(2) = by + z(bg — 3a2by), z = 2*(1 — (13ag + 2¢1)x/3]/(1 — apz)?.
The change
y=YQ () (9)

reduces the system (2) after the excluding of time to the equation:
Po(2)YY' = —2(1 - Y*)Q*(z) + R1(2)Y?/(3Q(x)). (10)
Further the change (8) reduces the equation (10) to the form:

2By (2)Y I = Q) (Y~ 1) + Ro(2)Y/(320(2)). ()

So in that case for system (2) there exists an analytical in the neighborhood of
0(0,0) integral and the critical point O(0,0) is a center.
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Let now h € V(I1g). Then Py(z) = (1 — apz)’Py(2), Q(z) = (1 — apz)3Qo(2),
Ri(z) = (1 — apx)®Ro(z), where
Po(z) = 1 — 2(10a2 — ¢3) 4 a222(9a2 — ¢2), Qo(2) = by + 2(bs — 3a2by),
Ro(2) = 3b1(2a3 4 a1) + 2bz — 2[3by (12a3 + 4a2ay — a3) + b3(8ad — 3a; — 2¢2)]—
(12)
22(3apby — b3)[3a3 — ad (4243 + 3a; — 4cy)], z = 2% /(1 — agz)*.
The change (12) transforms (10) to the form (11), i.e. in that case for system (2)

there also exists an analytical in the neighborhood of O(0,0) integral and O(0,0) is
a center.

If heV(I1) then Py(z)=(1 — aoa:)6]30(z), Q(x)=(1 — agx)3Qo(2), Ri(x)=(1 —
aor)®Ro(2), where
Po(z) = 1 — 2(15a2 — ¢3) 4 3a22%(12a2 — ¢3), Qo(z) = by + z(bs — 3a2by),
Ro(2) = 3b1(3a2 4 a1) + 2b3 — 2[9a2b1(3a3 + a1) + b3(15a2 — 3a1 — 2¢2)],  (13)
z=a*(1 —apz/3)/(1 — apx)?,
and using the change (13) equation (10) is reduced to (11).
If h € V(I12) then Py(x) = (1 —apz)®Py(2)/(2 — 3apz), Q(z) = (1 — apx)3Qo(2),
Ri(x) = (1 — apz)’Ro(2), where
Po(2) = 2[1 + z(4cy — 33a3) /4 + 3a22*(15a3 — ¢2)/8], Qo(z) = by + z(bs — 3a2by),
Ro(z) = [6b1(3a3 + 2a1) + 8bz + 2(9a3b1(3a3 — 4ay — 2¢2) — 4b3(6a3 — 3a; — 2¢2))]/4,
z = 2%(1 — dapx/3) /(1 — agz)?,
i.e. in that case (10) also is transformed to (11).

Under h € V(I3) the presence of a center at O(0,0) is obvious. O
Remark. From the proof of Statement 1 it follows that (as —ag[3ag(ao+c1) —2a1 +
ca, 2(135a3 + 81adcy + 17apc? + ¢3) — (4ag — ¢1)ea — 3e3) C X.

Investigating the first ten focal values with the help of Statement 1, we get
Statement 2. For the ideal I = I + (ag — ao[3ag(ao + c1) — 2a1 + ¢2], 2(135a3 +
8lade; + 170apc? + ¢3) — (4ag — c1)ca — 3c3) the next formula takes place: \/: =

1 3

3 - -
LN(N I)N(N L), where I = (3akb; —bs, as—ap[3ao(ap+c1)—2a1+ca], 3(agar—
k=10 Jj=1

az) + 2ap(135a3 + 8ladcr + 179apc? + ¢3) — apca(ag — 1), ap(273a3 + 165a3c; +
3dagc? +2¢3) — agea(ap — c1) + 3cq, 2(135a3 + 8ladey + 17apc? + ) — (dag — ¢1)ez —
3cs, a8b1 + by, 3agby + bo, b0>, TQ = <b1, b3, as —a0[3a0(a0+cl) —2a1+62], 2(135&%4—
81&%014—17&06%4—6%)— (4&0—01)02—303, by, bs, b()>, fg = (ao, bs,as,as3,3c3—cq (20%"1‘
c2), ba, ba, bo).

Statement 3. Let X = I + (b3, by). Then the next equality takes place: VX =1
22 3 . -~

NLNLN (N k) N (N L), where I1 = (ao, az, c1, c3, bo, bz, b3, ba), I =
k=18 J=1
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(6ag + c1, 10ag(9a2 — ca) — 3cs3, ag + a0(15a0 + 2a1 — ¢2), a3(9a3 — c2) + c4, 3az —
a0(18a0 +3ay —c2), by, bs, 3agby +ba, by), [3 = (6ag +c1, 12a0 c2, 2a(2)—|—a1, 10&84‘
c3, ay — ag, 3ag — ca, az, ba, bs, 3agby + ba, bo).

Proof. With the help of operations of division and intersection of ideals one
finds the radical of the ideal X9 = (g1,...,99) + (b3, by). We have /X9 =

LOLALNCA WA T).
k=18 j=1

Let us show that for h € V(Xg) O(0,0) is a center. Let h € V(I;) N V(I2) N V(14),
then Ry(h) = 0, i.e. h € V(I). In that case the equation (2) by change (9) after
excluding time is transformed to

Py(2)YY' = —z(1 = Y3)Q*3(x).

22
Let now h€ |J V(Iz). Then Py(h)S(h)/R2(h)=const, so h€V(I). Further
k=18

~ ~ ~ 3 ~
we have V(I) CV(I3); V(I3), V(I3) C V(I11), therefore for he |J V(I;) the critical

j=1
point O(0,0) is a center. Thus /X = /Xy. O
Statement 4. Let X =1 + <9a3b1 — 4bs, by). Then the next formula takes place:
27 3 ~
\/X = [1 ﬂfgnfg, n( ﬂ Ik) ﬂ( n Ij), where [1 = (ao, as, C1, C3, bo, bg, bg, b4>,

I = (9ag + 2c¢1, a0(189a0 3462) — 1203, 2as + ag(21a3 + 4a; — 262) a3(27a% — 4e9) +
2cy, 3a3—a0(36a0+3a1 —462) by 9a(2)b1 4bs, 3agby + b, b0> Ig = <9a0+2(31, 15&0
2co, 25a0—|—8a1, 11(10 + 2c3, 13a0 dao, 3(10 2¢y, 9a0+8a3, by, 9a0b1 4bs, 3agby +
ba, bo).

Proof. By means of division and intersection operations we find the radi-
cal of ideal Xg = (g1,--.,99) + (9adby — 4b3, by). Then we have /Xy =

3 .

LNILNIN)( ﬂ I.)N(N I;).  The further is analogous to the proof of
k=23 j=1

Statement 3. O

Statement 5. Let X = I + (3a(2)b1 — bs, agbl + by). Then the next equality takes
5 . - ~
place: VX =L N 12 1o ﬂ( ﬂ I;), where I = (ao, a2, c1, c3, by, ba, b3, ba), I =

(5ap + c1, ap(20a3 — 3c2) — 63, as + ap(12a2 + 2a1 — ¢2), 2a3(8a2 — c2) + ca, adby +
b4, 3a%bl—b3, 3agbi +bs, bo> Ig = <6a0+61, 1Oa0(9a0 )—363, a2+a0(15a(2)+2a1—
02) a0(9a0 —c9)+cyq, 3ag — a0(18a0 +3a1 —c2), a0b1 + by, 3a0b1 — b3, 3apb1 + b, by),
I = (9ap + 2c1, a0(189a0 — 34ca) — 12¢3, 2a9 + ao(21a0 + 4da; — 2c9), a0(27a0
4eg) + 2¢4, 3az — a0(36a0 + 3a; — 4e), aobl + by, 3aobl — b3, 3agby + bo, bo> [5 =
(783a3+432akcy + T4agc? +4c +c2(13ag+2¢1), ao[(9ag+2c1)? —2¢2 +Teo]+2¢3, as—
aol3ag(ap + c1) — 2a1 + ¢2), 2a3(135a3 + 54ager + 5c3 + c2) + cu, az — a3[3ao(73ag +
29(31) + a1 + 202], a%bl + by, 3a(2)b1 — bs, 3agby + bo, b0>.
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The proof follows from Statement 1 and Theorem 3.
By direct examination we become sure that the next statement is true.

8
Statement 6. The next equalities are right: /I + Es =1 (\( () Ix)() (a0, a1, a2,
k=4

9
as, b07 b27 b37 b4>7 V [+E9 = Il n‘[2 m( m Ik)
k=4

Proof of Theorem 4. Computing the radicals of ideals Ey (I, k = 5,7, we get

35

U V(ExNI) c V. If he |J V(I;) then O(0,0) is a center since in that case
k=14

Po( )S(h)/R2(h) = const. Further taking into account Statements 1-6 we become

sure in the correctness of Theorem 4. O
4. Now we will examine system (1).

9
Statement 7. The next formula is true: \/J + (B) = [\ Jk, where the radical
k=1

ideals J; have the form:

Ji=(B,L,N), Jo={(A+C, B, (A—D)K + AM, K(2K +M)— N2, 3K + M +
P, L+N), Js = (1TA+27C, 2A + 3D, B, 1004* — 177147TN?, 2042 + 81K, 504% —
243M, 10A%2 —81P, L+ N), Jy = (2A+ D, B, C(A+3C)*(2A +3C) + 4N?, (A +
3C)? + 4K, 202+(A+20) — M, 3(A— 30)(A+C’) AP, L+ N), Js = (A+3C —
D, B, A(2A+3C)*(3A+4C) — N2 A(2A+30)—K, (A-2C)(2A+3C)+ M, 6(A+
C)(2A+3C)+ P, L+ N), Js = <2A +C+ D, B, 2K(2A+ C) + AM, K[A(A +
C) — 22K + M)] + 2N? A(A+C) —3K — M — P, L + N), J; = (5A +3C +
3D, B, A(2A +3C)%(5A +120) 4+ 81N?2, A(2A +3C) + 3K, (2A +3C)(7TA+6C) —
9M, 2(A — 3C)(2A 4 3C) — 9P, L + N), Js = (7342 + 180AC + 117C2, 3(114 +
15C) + 7D, B, 100A3(341A + 360C) + 415233N2, A(29A + 9C) + 91K, A(157A +
237C) — 273M, 2A(29A +9C) +91P, L+ N), Jo = (B, (A+ C)(A+3C)(2A+C +
D)—(A-C+D)K, (A+C)?[(A+20)(2A+C+ D)+ K]+ K?+ N?% 2(A+C)(2A+
C+D)+3K+M, (A+C)(A+C+ D)+ P, L+N).

Proof. Let’s generate the ideal J = (J+Q2u—v+w—A, u—v+w+C, 3u—2v+
w+D))NC[B, K, L, M, N, P, u, v, w]. Using Groebner bases one obtains that the
radical of ideal Jy = J + (Nuvw(P —2u? + 2uv —uw) (u+w) (2u —w) (2u — 4v+w) (u—
204 w)(v—w)(2v —w)(2v +w)(3v — 2w) (4v — 3w) (5v — 4w)(611 —Tw)(6v — 5w)(Tv —
5w)(8v — 5w)(8v — 3w)(26v — 19w)) has the form: y/Jy = ﬂ J, where Jk = (J +
Qu—v+w—A, u—v+w+C, 3u—2v—|—w—|—D>)ﬂ(C[B K, L M N, P, u, v, w], k =
1,9. In that way it is proved that \/J + (B) C ﬂ Ji. Let’s show that if § & V(Jp)
k=1

then O(0,0) is a focus. N
The first focal value for system (1) in the case B = 0 has the form: f; =

L + N. Focal values fl, i = 2,8, have accordingly 18, 82, 274, 750, 1790, 3854,

7662 summands. Denote by T the ideal T = (fl, e ,f ,...). Notice that fl, i =
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1,2,... are the polynomials from the ring C[A, C, D, K, L, M, N, PJ, so IcC
ClA, C, D, K, L, M, N, P].
From the condition f; = 0 we get

L=—N. (14)

Considering the condition (14) for system (7) to be held, exclude from fivi =
2,8, the variable L and get fi = o;NF;, i = 2,8, where oy # 0, F; €
C[A, C, D, K, M, N, P], i = 2,8. As ¢ ¢ V(Jy), then N # 0. Construct

theideal T = ((L+ N, Fy, ..., F5)+ Qu—v+w— A, u—v+w+ C, 3u—2v+w -+

D))NCIK, L, M, N, P, u, v, w|. The ideal T has the form: I= (L+N, ﬁg,...,ﬁg),
where F; € C[K, M, N, P, u, v, w]. From the condition F, = 0 we get:

K = [u(2u — 4v +w) — M — P]/3. (15)

Taking into account the conditions (14) and (15) we have: F, = B:gi, i = 3,8,
where 3; # 0, g; € C[M, N, P, u, v, w]. Notice that g; = gsv; + Gi, i = 4,8, where
vi € C[M, N, P, u, v, wl, G € C[M, P, u, v, w], i = 4,8. The polynomials Gi,
i = 4,8, can be written in the form: é, = ;M 2w? + Mi_?’wm +...+wji—2, where
8 #0, wi1, wii—2, i = 4,8, are the polynomials in P, u, v, w.

Since q ¢ V(jo) then w # 0. And the next relations will be true: éz = 9,@4 + 1T,
i = 5,8, where 6; # 0, and the variable M has the 1st degree in T5. Solving the
equation 75 = 0 we have:

M =1T5,/(wT52), (16)

where T51 and T52 are coprime polynomials in variables P, u, v, w. Taking into
consideration the condition (16) we get G4 = Y5/T52’2, T; =Y;/T52, i = 6,8, where
the polynomials Y;, i = 5,8, can be represented in the form: Y; = yuv(P — 2u? +
2uv — uw)f/}, at the same time y; # 0, i = 5,8, 375, e ,378 are the polynomials from
the ring C[P, u, v, w], containing accordingly 314, 314, 541 and 853 summands.
Since § & V(Jo) then uv(P — 2u? + 2uv — uw) # 0. Assume that T59 # 0. Then
the critical point O(0,0) can be a center if Y; = 0,7 = 5, 8. Further we will denote by
R, (Fy, Fy) the resultant [16, p. 209] of the polynomials F} and F; in a variable x.
Let’s compute two resultants: Ry = Rp(Os, sOg+O7) and Ry = Rp(Os, sOg+0Os),
6
where O; = E]wzl, i =5,8. We have R, = 3 5718, where S;, i = 1,6, are the
i=1
polynomials in variables u, v of the form S; = g;u8(1 4 u)(—1 4+ 2u)(1 + 2u — 4v)(1 +
u—20)382%;, i =1,5, S = eeub (1 +u)(—1 + 2u)(1 + 2u — 4)(1 + u — 20)35250 Zs,
at that g; # 0, i = 1,6, Sy is a polynomial in variables u, v, g(] = —2736 — 11424u —
15885u? — 9625u> + 16224v + 46596uv + 42165u?v 4 5250u3v — 3336002 — 60792uv? —
18180u2v? + 2873603 + 21060uv® — 8160v*; Z1, ..., Zg are coprime polynomials in
u, v, including accordingly 1792, 1671, 1554, 1404, 1250 and 925 summands.

~ ~ 6 .
The resultant Ry can be represented in the next form: Ry = ) s"1W;, where
i=1
Wi = 1iub(1 4+ u) (=1 4 2u)(1 + 2u — 4v)(1 + u — 20)353&;, i = 1,5, W = equb(1 +



VARIETY OF THE CENTER AND LIMIT CYCLES. .. 83

w)(—142u)(1+2u —4v)(1 +u — 21))35850{6, at that 7; # 0,7 = 1,6, and &1,...,&
are coprime polynomials in u, v, including accordingly 2940, 2634, 2344, 1981, 1623
and 925 summands.

As far as ¢ & V(Jo) then u8(1 +u)(—1+ 2u)(1 + 2u — 4v)(1 + u — 2v)> # 0. Let
So # 0, then the critical point O(0,0) can be a center if the following conditions are
held: Z; =0, & =0, i = 1,6. Let’s compute the next resultants: 7; = Ry (Zs, Zs—i),
i=1,5, and also 7o = R, (&, &5). Here r;, i = 1,5, are the polynomials in v having
accordingly 1986th, 2115th, 2230th, 2341th and 2427th degrees, the coefficients of
which are coprime integer numbers of the orders 102128 — 103619 102141 — 102793,
102299 — 103003 102654 — 10405 102616 — 103401 accordingly; 7 is a polynomial in
v of 2247th degree, and its coefficients are coprime integer numbers of the order
102252 _ 102948‘

The greatest common divisor of the polynomials 71,...,75 is (v — 1)3(2U —
1)%2(20 4+ 1)3(3v — 2)* (4v — 3)°* (50 — 4)7(6v — 7)°(6v — 5)°(Tv — 5)° (8v — 5)° (8v —
3)3(26v — 19)3P3 where P is a polynomial in v of 77th degree, and its coefficients
are coprime integer numbers of the order 107® — 10193,

Asq ¢ V(jo) and the greatest common divisor of the polynomials P and ro is 1
then in that case the origin is a focus.

Let Sp = 0. Notice that Rp(T51,T52) = aou U2T050, Where ag # 0, Ty is
the polynomial in variables u, v, w, §0|w:1 = Sy. Denote by Tj, i = 5,7, the
following resultants: f Ry (Ty,T;), i =5,7. Here T,, i = 5,7, are the polynomials
in variables P, u, v, w, containing 314, 846 and 1756 summands accordingly. For

any ¢ = 6,7, the equalities are true: T = S So + T,, where TZ, i = 6,7, are the
polynomials in P, u, v, w, including 824 and 1571 summands accordlngly Further
using resultants we exclude the variable P: Hy = RP(O5, 06) RP(O5, 07)

where O3 = T5\w 1, O0; = =T lw=1, % =6,7. Hy and Hy are the polynomlals inwu, v
having 7652 and 12987 summands accordingly. For H;, i = 1,2, the next equalities
are true: H; = H; iSo + H,, where H; and Hs are the polynomials in u, v, having
accordingly 1474 and 1978 summands. Further we have Zi =R, (So, Z-), i=1,2.
Here Zl, 22 are the polynomials in one variable u of 1505th and 1988th degrees
accordingly, containing 1448 and 1931 summands. The greatest common divisor of
Zl and Zg has the form:

u? (1 +u)®(—1+2u) 8 (14 4u)? (46 — 103u — 563u? 4 60u>)® (1540 + 501 1u — 356 14u> +

4514790 —24216u* +1920u)? (—28851204-48860768u— 3381835801 +1252033136u> —
—2176161807u* + 34949628215 — 25444939681’ + 920349000u" — 118729800u®+
+4860000u°)3 (155605184 — 2227701700u 4 2040477985u> + 2234814229913 —
—64132349961u* 4703724993015 —40878190008u’ +149356305002" —1932076800u® +
+77760000u).
Since § & V(Jo) then u(1 +u)(—1+ 2u) # 0. Consider the case 1+ 4u = 0. The
next equality is right: I:{vl = §0)A(:0+‘~/1, where ]?71\1”:1 = ]?Il; )Z'o, Vi € Clu, v, w], the
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polynomial V; has 1474 summands. Let’s generate the ideal U = (4u + w, §0, 171>
The Groebner basis of this ideal is U; = ((8v — 3w)w'?, 712, ce E15>, where h; €
Clu, v, w], i = 2,15. But according to the condition q ¢ V(jo), so (8v — 3w)w # 0,
i.e. in that case O(0,0) is a focus.

Denote by ey = 60u3 — 563u2w —103uw? + 46w?. Then we have §0 = 60)?1 + fo,

where Xl, To € Clu, v, w], ﬁl can be written in the form: H1 T0X2 + eng + Vg,
where X, X3, Vo € Clu, v, wl. Let’s generate the ideal Uy = (eg, Tp, Va) and
compute its Groebner basis. We get U2 <w U, hg, .. h52> where ug = 24003 —
1486v%w + 1203vw? — 237w3, h; € Clu, v, w], i = 2,52. Since q¢ & V(jo) then
w # 0. Computing for the ideal (72~+ (ug) its Groebner basis we get Uy + (up) =
(w'(u—2v+w), ho,..., hg), where h; € Clu, v, w], i = 2,8. But w(u—2v+w) #0
as far as § & V(Jp) so 0(0,0) is a focus.

Let now ey = 1920u® — 24216uw + 51479uw? — 35uw® + 5011uw? + 1540w°.

In that case §0 = 6()5(:4 +f1, where )Z'4, ﬁ € Clu, v, w], then ﬁl can be represented

as Hy = T1X5 + e0Xe + V}), where X, XG, V3 € Clu, v, w]. The Groebner basis
for the ideal Us = {eo, Tl, Vg,> is Us = <w UuQ, hg, .+, hoa), where ug = 4915200° —
3714048 L w-+670150403 w? — 484980802 w +1471076vw4—143019w5 hi € Clu, v, w],
= 2,94. Further we have Us + (ug) = (W™(2u — 4v + w),ﬁg,...,ﬁgg>, where
h € Clu, v, w], i =2,22. As ¢ € V(Jo) then w(2u — 4v + w) # 0. The critical point
0(0,0) is a focus.
Let

ep = 48600001 — 118729800u8w + 920349000u” w? — 2544493968u8 w>+

+3494962821u° w* — 2716161807u* w® + 12520331361 w’® — 338183580u2w” +
+48860768uw® — 2885120w°.

Then §0 and ];NIl can be represented as §0 = 6()5(:7 + Tg; ];NIl = fg)?g + eo)Afg + ‘74,
where fg, )2'7, )2'8, )Z'g, V, € Clu, v, w]. The greatest common divisor of resul-
tants Ry (eq, fg) and Ry, (eq, ‘74) equals Jug, where ¥ # 0, ug = 12441600000° —
2079613440008 w + 130889433600v" w2 — 4070256377600 w? + 72560775086405 w?
795952371456v% w5 + 548902046936v3 wb — 2326700299201) + 5552377387Tvw® —
5720760000w?. Using Groebner basis the ideal U4 = (eq, Yo, Tg, V4> can be repre-
sented in the next form: Uy = (w?* (u— 20 +w), hy, . . ., hra), where h; € Clu, v, w),
i =2,72. Since § & V(Jy) then w(u—2v+w) # 0, so in that case O(0,0) is a focus.
Consider now the last possible case of the center for Sy = 0. Let’s de-
note eg = 77760000u® — 1932076800u®w + 14935630500u" w? — 40878190008uSw? +
70372499301uSw! — 64132349961utwS + 22348142299uwS + 2040477985u?w’ —

2227701700u1g§ + 155605184w?. Then §0 and ﬁl are represented in the form: §0 =
eoX10 + T35 Hy = T3X11 + eoX12 + Vs, where T3, Vs, Xio, %17 X1, € Clu, v, wl.
Finding the greatest common divisor of the resultants Ry (eg, T5) and R, (eg, V5) we
have piug, where i # 0,

up = 796262400000° — 1168382361600v% w + 598112709120007 w?—
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—137592210378246v% w® + 182755857312000° w?* — 14958694725792v* w® +
+74383112257960° w® — 21171027902350%w” + 303888967255vw® — 15968920230w° .

The Groebner basis of ideal Uy = (e, ug, T3, Vs) has the form: Uy = (w?*(2u —
4v 4 w), he, ..., hza), where by € Clu, v, w], i = 2,72. As far as ¢ & V(Jy) then
w(2u — 4v + w) # 0; hence, the critical point O(0,0) is a focus. O

Further through I, k = 1,35, we will denote the ideals obtained from Iy, k =
1,35, if the coefficients a; (i = 0,3), bj (j = 0,4), ¢, (m = 1,4) are expressed by the
formulas (). Notice that I, C Clg], k = T,35. Using Groebner basis we become sure
in the truth of the next statement.

Statement 8. The next equalities take place:
\/Ii: JiNJi2(A, C, N, K, L)({(A+C, N, K, M — P, L),

\/?9 = Jio N J11 N J1g,
\/Ijg: JoNJsN(A, C, D, B, K2K + M) — N2, 3K+ M+ P, L+ N),
and at the same time the next inclusions are true:

V((A, C, N, K, L>) C V(Jlo), V(<A+ C,N, K, M— P, L>) C V(Jlo),
V((A, C, D, B, K2K + M) — N%2, 3K + M + P, L + N)) C V(J12).

Statement 9. Denote by Ji and Jy the following ideals: Jp = (A,C, D, N, K, L),
Jo=(A, C, D, B, K*+ N2 3K + M, P, L+ N). Then the radical of ideal Iy can
be written in the next form:

\/i = JLNJrNJN2A + 3C, 24 + 3D, N, 242 + 9K, M — 2P, AB +
3LY(4A+5C+ D, N, C(A+C)— K, M,2(A+C)24+3C) — P, B(A+C) +
LYN(A+2C, 34+ 2D, B, K(A?2 +4K) +4N? 3K + M, A2 — 2P, L+ N)( (24 +
3C, 2A+3D, AB—3N, 2A?+9K, 2(A—3B)(A+3B)—9M, A>+18B?—9P, 2AB+
3LYN(@A+5C + D, 2B+ (A+C)?, B(A+20)+N,C(A+C) - K, 3(A+C)? -
M, 2(A+C)(2A+3C) — P, BC — L),

and at the same time the next inclusions are correct:

V({24 + 3C, 2A + 3D, N, 2A% + 9K, M — 2P, AB + 3L)) UV ({44 + 5C +
D,N,C(A+C)—- K, M,2(A+ C)2A+3C)— P, B(A+ C)+ L)) C V(Jyo),
V({(A+2C, 3A+2D, B, K(A?2 +4K)+4N? 3K + M, A2 —2P, L+ N)) C V(Jy),
V({(2A+3C, 2A+3D, AB—3N, 2A% + 9K, 2(A—3B)(A+3B) —9M, A%2+18B? —
9P, 2AB + 3L))UV({(4A +5C + D, 2B% + (A+ C)?, B(A+2C) + N, C(A+ C) —
K, 3(Aj C)? - M, 2(Aj C)(2A+3C)— P, BC — L)) C V(J21),
and V(Jl) C V(Jlo), V(JQ) C V(Jlg).

Statement 10. Let :]\1 and jg be the ideals from Statement 9, then the radicals of

ideals 1511, flg and I13 can be written in the form:

VI = JsNJi N T2 (A+2C, 24+ D, N, A2+4K, 3A4>—4P, AB+2L)(\(3A+
4C, A+ 2D, N, 3A%2 + 16K, 3A% — 16M, A% — 16P, AB + 4L) (A, 6C + D, B? +
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3C2, BC+N, K, 6C%2—M, 9C2— P, L), \/ T12 = Jy (N 1s (1 N T2 (A+2C, 5A+
4D, N, A2 + 4K, 3A%2 — 8P, AB +2L)((3A+ 5C, 4A + 5D, N, 6A%? + 25K, 6 A2 —
25M, 4A%? — 25P, 2AB + 5L),

\/E = JsND7NJ2NINT2N(A, C, N, K, 2D + P, LY([(A + 2C, 34 +
2D, N, A2 +4K, A2~ 2P, AB+2L)()(A, 6C + D, N, K, 3C2+ M, 9C? — P, BC +
LYN(A+C, A—2D, N, K, M, P, LY((A+C, A—D, N, K, M, P, L) (A+C, 2A—
D, N, K, M, P, L)(\(A+3C, 2A+ D, N, K, A2 — 3M, A2 — P, 2AB + 3L),

and at the same time the following inclusions are held:

V({A + 2C, 2A + D, N, A% + 4K, 3A% — 4P, AB + 2L))JV({3A + 4C, A +
2D, N, 3A%2+16K, 3A%2—16M, A2—16P, AB+4L)) | JV((A+2C, 5A+4D, N, A2+
4K, 3A%2 8P, AB+2L))JV((3A+5C, 4A+5D, N, 6A2+25K, 6A% —25M, 4A% —
25P, 2AB + 5L))UV((A, C, N, K, 2D?> + P, L)) | JV((A + 2C, 3A + 2D, N, A? +
4K, A2 — 2P, AB +2L))JV({(A+ C, A—2D, N, K, M, P, L)) JV({(A+ C, A —
D, N, K, M, P, L)) JV{A+C,2A - D, N, K, M, P, L)) C V(Ji), V({4, 6C +
D, N, K, 3C%+ M, 9C? — P, BC + L)) Cc V(Jg), V((A+3C,2A+ D, N, K, A% —
3M, A2 — P, 2AB + 3L)) C V(Jy), V((A, 6C + D, B2 +3C?% BC + N, K, 6C? —
M, 9C? — P, L)) C V(J13).

To formulate the next statements we denote by jl, - j;; the ideals of the form:

Jy=(A, C, N, K, 3B>+M, L), Jo=(A+C, N, K, 3B>+ A(A+D)+M, 3B+
A(A+ D)+ P, L),

Js = (A, B,N,K,CB3C + D) — M,C(3C + D) + P, L), J, = (A, 3C +
D, B, N, K, 3M + 2P, L),

Js = (A+2C, N, A2+4K, A(A+2D)+4(3B2+M), A(A+2D)+4P, AB+2L),

Js = (A+3C, B, N, K, A(A+ D)+ 3M, A(A+ D) + P, L).

For the ideals Ji, o Js the inclusions are held: V(J;) | V(J2) U V(J5) € V(Jo),
V(Js) U V(Js) U V(Js) C V().

Statement 11. For the radicals of ideals fl, E, Zr,, f7 the next equalities are true:

Vic =m0l VI = BN esNANBNGA + 66, B, N, A% +
4K, 5A(A + 2D) + 12M, A(A + 2D) + AP, L),

VI = 1NN AN B OA, B, N, K, C(3C + 2D) — 2M, 3C(3C + 2D) +
4P, L),

= 6
\/; = JisN(N Jx) N{A4, 3C+D, BC+N, K, 2B>+M, 3B>+2P, L)((A, B>~
k=3

C(3C + D),DC + N, K, 2C(3C + D) + M, 3C(3C + D) + P, LY((3(A + C) +
D, B, N, K, A(2A+3C) —3M, A(2A+3C) — P, LY((5A+6C + 2D, B, N, A% +
4K, A(2A + 3C) — 2M, A(2A + 3C) — 2P, L),

and at the same time the inclusions take place:
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V((5A + 6C, B, N, A? + 4K, 5A(A + 2D) + 12M, A(A + 2D) + 4P, L))
((A, B, N, K, C(3C + 2D) — 2M, 3C(3C + 2D) + 4P, L)) JV({3(A + C) +
, B, N, K, A(2A+3C)—3M, A(2A+3C)—P, L)) JV((54+6C+2D, B, N, A%+
4K, A(2A+3C)—2M, A(2A+3C)—2P, L)) C V(J;), and also V((A4, 3C+D, BC+
N, K, 2B?>+ M, 3B2+2P, L)) UV((A, B2~ C(3C+D), DC+N, K, 2C(3C+ D)+
M, 3C(3C + D)+ P, L)) C V(Ja1).

g <

Statement 12. The radicals of ideals 176 and fg can be represented in the form:

\/?6: JisNJuNJisN T NTsNTaN(2A +3C, B, N, A> + 4K, A(A +2D) +
3M, A(A+2D)+4P, LY((3(A+C)+D, B, N, A2+4K, A(5A+6C)—3M, A(5A+
6C) — 4P, L),

\/178 = J13HJ15ﬂJ25ﬂJ1ﬂJgﬂJ5ﬂJ6ﬂ<3B2 —C(A—I—D), N, C(A—I—C) —
K, C(A+C)—M, (A+C)A+C+D)+P, B(A+C)+L)N(A, B, N, K, C(3C +
2D)—2M, 3C(3C+2D)+4P, LY ({4, 2B>~C(3C+2D), BOC+N, K, C(3C+2D)+
M, 3C(3C+2D)+4P, L)((5A+3C+2D, B, N, K, A(A+C)—2M, 3A(A+C)—
2P, L)((TA+6C +4D, B, N, A2+ 4K, A(5A+6C) —8M, A(5A+6C) — 8P, L),

and the inclusions are true:

V((A, 2B% — C(3C + 2D), BC + N, K, C(3C + 2D) + M, 3C(3C + 2D) +
4P, L)) C V(Ja1), V((2A + 3C, B, N, A2 + 4K, A(A + 2D) + 3M, A(A + 2D) +
4P, LYYUV((3(A + C) + D, B, N, A2 + 4K, A(5A + 6C) — 3M, A(5A + 6C) —
4P, L))UV((A, B, N, K, C(3C+2D)—2M, 3C(3C+2D)+4P, L)) JV((5A+3C+
2D, B, N, K, A(A+C)—2M, 3A(A+C)—2P, L)) UV((TA+6C+4D, B, N, A%+
4K, A(5A+6C)—8M, A(BA+6C)—8P, L)) C V(J1), V({(3B2—~C(A+D), N, C(A+
C)—K,C(A+C)— M, (A+C)A+C+ D)+ P, B(A+C)+ L)) C V(Jy).

Proof. To find the radicals \/i and \/Ifg we will consider the ideals E; =
Is + (3(3a2 — 2a1 + 2apcy) + @2) and Ig = Iy + (2(a2 — a1 + ape1) + @?).  Using
Groebner bases we find the radicals jf(; and \/78 and get \/;6 = \/;6 N Clg

Ji=vVincg. o
Statement 13. The radicals of ideals J + G12, J + G13, J + G14 have the form:

VJ+Gia = Jis((B(A+C)+ N, K, 2B?> 4+ M + A2A+C + D), 2B> + P +
A(A+D), YA+ C, N, K, M — P, L)(\(B, N, K, L)((A4, BC + N, K, 2B? +
M, L)N{A, C, N, K, L),

VJ+ Gz =Jo(WA+C, B, N,3K+M+P, L)(Y(A+C,2A+3D, B, TA* —
8IN2, A% — 3K, A2+ 9M, 8A% + 9P, L + N)((4, C, 3B?> — D2, BD — N, D? —
K, D%+ M, 2D?>+ P, BD + L)({(A, C, D, N, 3K + M + P, L),

VJ+ Gy = JisN(B(2A+2C+D)—N, (2A+3C+D)(3A+3C+D)— K, 2B>+
(2A+3C+D)(4A+5C+D)+M, (2A+3C)(24+3C+D)?+2B*(5A+6C+2D)+(2A+
3C+D)P, B(3A+3C+ D)+ L)((244+2C+D, N, C(A+C)— K, C(A+C)(2A+
3C)+(A+20)M ~CP, B(A+C)+L)((B, N, (2A4+3C+D)(3A+3C+D)—K, L),
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and the next inclusions are true:

V((B(A+C)+ N, K, 2B?>+ M + A2A+C + D), 2B*+ P+ A(A+ D), L))

UV({A4, BC + N, K, 2B?> + M, L)) UV((B(2A + 2C + D) — N, (24 + 3C +
D)(3A+3C+ D) — K, 2B>+ (2A+3C + D)(4A+5C + D) + M, (2A + 3C)(2A +
3C +D)?+2B%(5A+6C +2D)+(2A+3C+ D)P, B(3A+3C + D)+ L)) C V(Ja1),
V((A+C, N, K, M—P, L)) UV((A, C, N, K, L)) |JV((2A+2C+D, N, C(A+C)—
K, C(A4+C)(2A+3C)+(A+2C)M —-CP, B(A+C)+L)),V((B, N, K, L)) UV((A+
C, B, N, 3K+M+P, L)) JV((B, N, (24+3C+D)(3A+3C+D)-K, L)) C V(J1),
V(A+C, 2A+3D, B, TA*—81N?, A2 3K, A2+ 9M, 8A%2+9P, L+ N)) C V(Jas),
V((A, C,3B% - D?>, BD — N, D> — K, D> + M, 2D? + P, BD + L)) C V(J5),
V((A, C, D, N, 3K + M + P, L)) C V(J).

Statement 14. The radicals of ideals J 4+ G5, J + G1g, J + G17 can be written in
the next form:

VJ + Gz = Jig(A+2C, 3A+ 2D, N, 3K + M, A?> — 2P, AB + 2L) (A +
2C, 5A + 4D, A?> — 48B?, AB — 4N, 3A% 4+ 16K, 5A%> — 16M, 3A%2 — 8P, 3AB +
4Ly N(A+2C, 2A+D, A2—12B?, AB+2N, K, A2-2M, 3A2—4P, L)((B, N, 2(A+
C)(2A+C+D)+3K+M, (A+C)(A+C+D)+P, L)((5A+7C, 8A+ 7D, B, A*—
343N2, A% + TK, 1TA% — 49M, 12A% — 49P, L + N)((A + 5C, 2A + D, B, TA* —
625N2, A% + 25K, 11A% — 25M, 24A? — 25P, L + N)),

VJ+ G = J14ﬂ<B(A + C) — 2N, 3(A + C)(A + 3C) — 4K, 4B? + (A +
3C)(A + 2C — D) + 2M, 16B%(2A + 3C) + (A + 3C)?(A + 3C — 2D) + 4(A +
3C)P, 3B(A+C)+2L)(WWA+C, N, K, M — P, L)(\(B, N, 3(A+ C)(A +3C) —
4K, L){A, C, N, K, L),

VI + Gz = JioNJi2NJir N Jis N 19 N J21 (T2 (A+3C, 2A+D, N, K, A*—
3M, A2 — P, 2AB + 3L),

and the following inclusions take place:

V((A+2C, 3A4+2D, N, 3K+ M, A2 —2P, AB+2L)) C V(J5), V{A+2C, 5A+
4D, A? —48B%, AB —4N, 3A? + 16K, 5A? —16M, 3A2 —8P, 3AB +4L)) C V(J14),
V((A + 2C, 24 + D, A2 —12B?, AB + 2N, K, A2 2M, 3A% — 4P, L)) C V(Jy3),
V((5A+7C, 8A+7D, B, A*— 343N2, A2+7K, 17A%2—49M, 12A% —49P, L+ N)) C
V(J24), V((A+5C, 2A+D, B, TA*—625N?, A?+25K, 11A2—-25M, 24A%—25P, L+

N)) C V(Jaz), V(B(A+ C) — 2N, 3(A+ C)(A+3C) — 4K, 4B + (A + 3C)(A +
2C — D) +2M, 16B?(2A 4+ 3C) + (A+3C)*(A+3C —2D) + 4(A + 3C)P, 3B(A +
C)+2L)) C V(Jo1), VWA+C, N, K, M — P, L)) JV({(A, C, N, K, L)) V({4
3C,2A+ D, N, K, A> —3M, A> — P, 2AB + 3L)) C V(Jyp).

The proof of Theorem 5. The proof follows directly from Theorem 3 and State-
ments 8-14.

5. The polynomial P has 23 real roots. Let’s introduce a vector p(u,v). The
system of equations Z; = 0, i = 1,6, has 45 real solutions p = py, k = 1,45. Here
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2.98291...,0.61354...), -
2.92233...,0.61354...), ( 2.24140...,1.80824...),

(— (0.28767...,0.61354...),
(
(070470 .,1,80824 .. ), p6—(4.15318...,1.80824...),
(=
(

0.84828...,0.59506...), ps = (0.11443...,0.64371...),
po = (0.38246...,0.70488...), pio = (0.13270...,0.71955...),
P11 = (0.50158... ,0.86047...), pi2 = (1.23899...,1.37056...),
prs = (1.83858...,1.79718...).

All values p = pg, k = 1,45, were computed to within 300 digits after the
decimal point. Notice that this system has no other real solutions. We substi-
tute pi in the system O = 0, Og = 0 and find P = P, k = 1,45. Further
replacing w by 1 and computed values p = pg, P = Py, k = 1,45, in T5; and
Ts 2, one gets accordingly M = My, k = 1,45. From g3 = 0 after substitution
w=1,p = py, P =P, M = M, k = 1,45, we obtain the next equalities:
agrN? + 3, = 0 (ag, B € R, k = T1,45), which for k¥ = T,13 have real roots
Nop_1 = —Nogy, and for k = 14,45 - complex roots. Thus we obtain 26 real so-
lutions of system g; = 0, ¢ = 3,8, of the type (M;, N;, Pj, uj, vj), j = 1,26.
Let n = (A, D, K, L, M, N, P). As a result we get 26 real solutions n = n;
of system ﬁ =0, 7= 1,8. As a case in point we give one of this solutions: n; =
(—2.1488396095 . .. C, 3.5339790637 . .. C, —0.6697945306 . .. C2, —0.6271954771 . ..
C?2,2.4276250887 ... C?, 0.627195477147... C?, 2.86484242 ... C?), where C # 0.

As P and 7 T are coprime polynomlals in v then f8|n n; 70,5 = 1,26. Direct
computations give fg\n nj = fgj, j = 1,26, where f81 = 3.3665... - 104C16. For

n=mnj, j=1,13, f,—O i=1,7, butfg#O So we get

Statement 15. When n = nj, j = 1,13, the critical point O(0,0) of system (7),
where A = 0 is a focus of 8th order.

Statement 16. For any €, 5> 0, j = 1,26, there exist n € Vx(n;) and X € Vx(0),
where Vx(n;) is d-neighborhood nj, V5(0) - §-neighborhood of zero, at which system
(7) has in g-neighborhood of the point O(0,0) 8 limit cycles.

Proof. Let e = (\,n) = (A, A, D, K, L, M, N, P). Denote e, = (0,nx), k =
1,26. For system (7) there exists the only polynomial W = (1 + \2/2)2% — Azy +

18 . . —_
y>+ > P jaty’l, where Pyo, = 0, k = 2,9, for which on account of system (7)
i+j=3

8 , R R _
= Z file)(@? + y*)™ + mag(z,y) + mao(z,y), where fo(e) = A, fi(e)|x=0 = fi,

i = 1,8 8 m;, © = 19,20, are homogeneous polynomials of ith degree. Let’s generate

fle) = (fo( ), fi(e), ... fr(e)). Then det Of(ey)/e = py, where py # 0, k = 1,26.
The further is analogous to the proof of Theorem 3 from [13].

Proof of Theorem 6. The proof directly follows from Statements 15-16.
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