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On orders of elements in quasigroups

Victor Shcherbacov

Abstract. We study the connection between the existence in a quasigroup of (m,n)-
elements for some natural numbers m, n and properties of this quasigroup. The special
attention is given for case of (m,n)-linear quasigroups and (m,n)-T-quasigroups.
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1 Introduction

We shall use basic terms and concepts from books [1,2,11]. We recall that a
binary groupoid (@, A) with n-ary operation A such that in the equality A(x1,x2) =
x3 knowledge of any two elements of x1, xs, 3 the uniquely specifies the remaining
one is called a binary quasigroup [3]. It is possible to define a binary quasigroup also
as follows.

Definition 1. A binary groupoid (Q,o) is called a quasigroup if for any element
(a,b) of the set Q? there exist unique solutions x,y € Q to the equations x oa = b
and aoy ="b [1].

An element f(b) of a quasigroup (Q, ) is called a left local identity element of
an element b € Q, if f(b)-b=0.

An element e(b) of a quasigroup (@, -) is called a right local identity element of
an element b € Q, if b-e(b) = b.

The fact that an element e is a left (right) identity element of a quasigroup (@, -)
means that e = f(z) for all z € Q (respectively, e = e(x) for all z € Q).

The fact that an element e is an identity element of a quasigroup (Q,-) means
that e(z) = f(x) = e for all x € @, i.e. all left and right local identity elements in
the quasigroup (Q, ) coincide [1].

A quasigroup (Q,-) with an identity element is called a loop. In a loop (@, ")
there exists a unique identity element. Indeed, if we suppose, that 1 and e are
identity elements of a loop (@, ), then we have 1-e =1 =.

Quasigroups are non-associative algebraic objects that, in general, do not have
an identity element. Therefore there exist many ways to define the order of an
element in a quasigroup.

In works [5,6] the definition of an (n, m)-identity element of a quasigroup (Q, )
and some results on topological medial quasigroups with an (n, m)-identity element

© Victor Shcherbacov, 2004

49



50 VICTOR SHCHERBACOV

were given. These articles were our starting-point by the study of (m,n)-order of
elements in quasigroups.

As usual L, : Loz = a - x is the left translation of quasigroup (Q,-), R, :
Ry,x = x - a is the right translation of quasigroup (Q, ), M1t(Q,-) denotes the group
generated by the set of translations {L,, R, |for all z,y € Q}.

An element d of a quasigroup (Q,-) with the property d -d = d is called an
idempotent element. By € we mean the identity permutation.

Definition 2. A quasigroup (Q,-) defined over an abelian group (Q,+) by x -y =
wx + Yy + ¢, where ¢ is a fived element of Q, ¢ and ¥ are both automorphisms of
the group (Q,+), is called a T-quasigroup [9,10].

A quasigroup (Q,-) satisfying the identity zy - uv = zu - yv is called a medial
quasigroup. By Toyoda theorem (T-theorem) every medial quasigroup (@, ) is a
T-quasigroup with additional condition ¢y = ¥ [1,2].

A loop (Q,-) with the identity z(y - zz) = (zy - z)z is called a Moufang loop; a
loop with the identity z(y - zz) = (x - yx)z is called a left Bol loop.

A Moufang loop is diassociative, i.e. every pair of its elements generates a
subgroup; a left Bol loop is a power-associative loop, i.e. every its element generates
a subgroup [1,4,11].

A left Bol loop (@Q,-) with the identity (xy)? = - (y? - z) is called a Bruck loop.
Any Bruck loop has the property I(x-y) = Iz- Iy, where x- Iz = 1 for all x € Q [11].

Definition of the order of an element of a power-associative loop (@Q,-) can be
given as definition of the order of an element in case of groups [7].

Definition 3. The order of an element b of the power-associative loop (Q,-) is the
order of the cyclic group < b > which it generates.

2 (m,n)-orders of elements

Definition 4. An element a of a quasigroup (Q,-) has the order (m,n) (or element
a is an (m,n)-element) if there exist natural numbers m,n such that L' = R} = ¢
and the element a is not the (mq,ny)-element for any integers my,ny such that
1<mi<m,1<n <n.

Remark 1. It is obvious that m is the order of the element L, in the group M1t(Q, ),
n is the order of the element R, in this group. Therefore it is possible to name the
(m,n)-order of an element a as well as the (L, R)-order or the left-right-order of an
element a.

Remark 2. In the theory of non-associative rings ([8]) often one uses so-called left
and right order of brackets by multiplying of elements of a ring (R,+, ), namely
(...(((a1 -az) -ag) -aq)...) is called the left order of brackets and (... (a4 - (as - (a2 -
ay)))...) is called the right order of brackets.

So the (m,n)-order of an element a of a quasigroup (@, -) is similar to the order
of an element a of a non-associative ring (R, +,-) with the right and the left orders
of brackets respectively.
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Proposition 1. In a diassociative loop (Q,-) there exist only (n,n)-elements.

Proof. If we suppose that there exists an element a € @ of diassociative loop of
order (m,n), then in this case we have L'z =a-(a-...(a-z)...) =a™x = Lymzx.
Therefore L]" = ¢ if and only if ™ = 1, where 1 is the identity element of the
loop (@, ). Similarly R} = ¢ if and only if a™ = 1.
From the last two equivalences and Definitions 3, 4 (from the minimality of
numbers m,n) it follows that in a diassociative loop m = n, i.e. in diassociative
loop there exist only (n,n)-elements. O

Remark 3. It is clear that Proposition 1 is true for Moufang loops and groups since
these algebraic objects are diassociative.

From Definition 4 it follows that (1, 1)-element is the identity element of a quasi-
group (Q,-), i.e. in this case the quasigroup (@, -) is a loop.

Proposition 2. Any (1,n)-element is a left identity element of a quasigroup (Q,-).
In any quasigroup such element is unique and in this case the quasigroup (Q,-) is
so-called a left loop i.e. (Q,-) is a quasigroup with a left identity element.

Any (m,1)-element is a right identity element of a quasigroup (Q,-), the quasi-
group (Q,-) is a right loop.

Proof. If in a quasigroup (Q, -) an element a has the order (1,n), then a-z = L,z =
x for all x € Q. If we suppose that in a quasigroup (Q,-) there exist left identity
elements e and f, then we obtain that equality = - a = a, where a is some fixed
element of the set (), will have two solutions, namely, e and f are such solutions.
We obtain a contradiction. Therefore in a quasigroup there exists a unique left
identity element. O

Using the language of quasigroup translations it is possible to re-write the defi-
nition of an (n,m)-identity element from [5,6] in the form:

Definition 5. An idempotent element e of a quasigroup (Q,-) is called an
identity element if and only if there exist natural numbers m,n such that (
(R.)" =e.

(m’ n)'
L™

Hence any (m,n)-identity element of a quasigroup (Q,-) can be called as well as
idempotent element of order (m,n) or an idempotent (m,n)-element.

Theorem 1. A quasigroup (Q,-) has an (m,n)-identity element 0 if and only if
there exist a loop (Q,+) with the identity element 0 and permutations p,v of the
set Q such that o0 =90 =0, " =™ =¢, x -y = px + Yy for all x,y € Q.

Proof. Let a quasigroup (Q,-) have an idempotent element 0 of order (m,n).
Then the isotope (RO_I,LSI,E) of the quasigroup (Q,-) is a loop (Q,+) with the
identity element 0, i.e. = +y = Ry'z- L'y for all 2,y € Q ([1]). From the last
equality we have x -y = Rox + Loy, Rg0 = Lg0 = 0. Then ¢ = Ry, ¥ = Lo,
m o __ mo__ n __ Y
o' =yY" =Ry =" =c¢.
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Conversely, let z -y = px + 1y, where (@, +) is a loop with the identity element
0, p0 = Y0 = 0, ™ = " = . Then the element 0 is an idempotent element of
quasigroup (@, -) of order (m,n) since Lyy = ¢y, Ryx = px and (Ly)" = ¢ =,
(Rp)" =¢" =e. O

3 (m,n)-linear quasigroups

Definition 6. A quasigroup (Q,-) of the form x -y = px + Yy, where p, are
automorphisms of a loop (Q,+) such that @™ = Y™ = e, will be called an (m,n)-
linear quasigroup.

Taking into consideration Theorem 1 we see that any (m,n)-linear quasigroup
(Q,-) is a linear quasigroup over a loop (Q,+) with at least one (m,n)-idempotent
element.

Lemma 1. In an (m,n)-linear quasigroup (Q,-) of the form z -y = px + 1y, where
(Q,+) is a group, we have

L;z = Ljo_a ’ (La)k = Lj¢k7 Cc = pa + T/JQDG +- 4+ ¢k_1(10a;

R, =R, ¢, (R) = Rj¢", d=1a+ppa+ -+ ¢ 'pa.

Proof. It is well known that if ¢ € Aut(Q,-), i.e. if p(z-y) = ¢z - py for all
z,y € Q, then 9L,y = Loypy, pRyr = Ryypx. Indeed, we have pLox = p(a-x) =
wa - px = Lyapx, pRyx = p(x - b) = px - ob = Ry

Using these last equalities we have

N2 _ 7+ 2 N3 _ 7+ 3
(Ly)* = L;x¢L;fx1/) - Lsox+ws0x¢ , (L) = L(sow+weor)+w2sor¢ ’
and so on. 0

Proposition 3. An element a of an (m,n)-linear quasigroup (Q,-) over a group
(Q, +) has the order (k,r), where k, € N, if and only if pa+ppat- - -+p*Lpa = 0,
vat+eat---+0" " Mpa =0, k=m-i,r =n-j, wherei,j are some natural numbers.

Proof. It is possible to use Lemma 1. If an element a € @ has an order (k,_), then
the permutation L¥ = L¥*, where ¢ = pa + ¢pa + --- + *Lpa is the identity
permutation. This is possible only in two cases: (i) L} = ¢~% #¢; (ii) L} = ¢ and
Yk =e.

Case (i) is impossible. Indeed, if we suppose that L} = ™%, then we have
L0 = ¢7%0, where 0 is the identity element of the group (@, +). Further we have
Yp*0 =0, LT0 =0, c =0, L} = ¢, ¥ = e. Therefore, if the element a has the
order (k,_), then LT = ¢ and ¢* = . Further, since Y™ = ¢, we have that k = m - i
for some natural number ¢ € N.

Converse. If pa +vpa+---+1*1pa = 0, L} = ¢ and ¢* = ¢ for some element
a, then this element has the order (k,_).

Therefore an element a of an (m,n)-linear quasigroup (Q, -) over a group (Q, +)
will have the order (k,_) if and only if L} = ¢, i.e. ¢ = 0, where ¢ = pa + Ypa +
4 Y Lpa and YF = ¢, i.e. k =m -i for some natural number i € N.
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Similarly any element a of an (m,n)-linear quasigroup (Q, -) over a group (Q, +)
will have the order (_,r) if and only if R;r =g, i.e. d =0, where d = vYa + pa +
<+ " lpa and ¢" = e. Further, since ¢" = &, we have that r = n - j for some
natural number j € N. g

Proposition 4. The number M of elements of order (mi,nj) in an (m,n)-linear
quasigroup (Q, ) over a group (Q,+) is equal to |[K(p) N K (¢)| where K(p) = {z €
Qlyz+ppat- -+ 1w =0}, K(¢) = {z € Q|pr+pr+ -+ oz = 0}.

Proof. From Proposition 3 it follows that an element a of an (m,n)-linear quasi-
group (@,-) over a group (@, +) has the order (mi,nj) if and only if pa + Ypa +
co Mg = 0 and Ya + ppa + -+ ¥ pa = 0.

In other words an element a of (m,n)-linear quasigroup (@, -) over a group (Q, +)
has the order (mi,nj) if and only if a € K(p) N K ().

Therefore M = |K(p) N K (¢)|. O

Theorem 2. Any (2,2)-linear quasigroup (Q,-) over a loop (Q,+) such that all
elements of (Q,-) have the order (2,2) can be represented in the form x-y = [z + Iy,
where x + Iz =0 for all z € Q.

Proof. In this case we have (L,)? = Lt LY ? = L} LT = ¢ for any z € Q.

pT~Ppx P epox
Then ¢z + (Ypxr 4+ 0) = €0 = 0 for all z € Q. Therefore x + x =0, Yo = —x = Ix.
By analogy we have that gz = —z = Iz for all z € Q. Indeed, (R,)? =
RLR;WQDQ = RLR;FW =g, Y+ pYr=0,z+ pr =0, pr = lx. O

Remark 4. From Theorem 2 it follows that any (2, 2)-linear quasigroup (@, -) such
that all elements of (Q,-) have the order (2,2) exists only over a loop with the
property I(x +y) = Ix+ Iy for all z,y € @, where x + [x = 0 for all z € Q. A loop
with this property is called an automorphic-inverse property loop (AIP-loop).

We notice, the Bruck loops, the commutative Moufang loops, the abelian groups
are AlP-loops.

4 (m,n)-linear T-quasigroups

Theorem 3. If in an (m,n)-linear T-quasigroup (Q,-) of the form x -y = px + 1y
over an abelian group (Q,+) the maps € — p,e — 1 are permutations of the set Q,
then all elements of the quasigroup (Q,-) have order (m,n).

Proof. It is easy to see that if the maps € — ¢, e — 9 are permutations of the set @,
then m > 1,n > 1. From Proposition 4 it follows that the number M of elements of
the order (m,n) is equal to the number |K () N K ()|, where

K(p)={zeQle+¢+ ... +¢" "z =0},
K@)={z€Qlc+v+ ... +¢y™ Hpx = 0}.

Since the map € — ¢ is a permutation of the set Q, we have: e + o+ ... + " 1 =

(etet .. +¢" De—p)e—p) T =(e—p+o—*+¢’— ... —¢")(e—p) " =
(e — ") (e — )7L, Since p" = ¢ we obtain that K(¢) = Q.
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By analogy it is proved that K (i) = Q. Therefore K () N K(¢) = Q. O
A quasigroup (Q, -) with the identities z-(y-z) = (z-y)-(z-2), (z-y)-z = (z-2)-(y-2)
is called a distributive quasigroup [1].

Corollary 1. In any medial distributive (m,n)-linear quasigroup all its elements
have order (m,n).

Proof. It is known that any medial distributive quasigroup (@, ) can be presented
in the form z -y = px + ¥y, where (Q,+) is an abelian group and ¢ + ¢ = ¢ [1,12].
Therefore conditions of Theorem 3 are fulfilled in any medial distributive (m,n)-
linear quasigroup. O
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