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On orders of elements in quasigroups

Victor Shcherbacov

Abstract. We study the connection between the existence in a quasigroup of (m, n)-
elements for some natural numbers m, n and properties of this quasigroup. The special
attention is given for case of (m, n)-linear quasigroups and (m,n)-T-quasigroups.
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1 Introduction

We shall use basic terms and concepts from books [1, 2, 11]. We recall that a
binary groupoid (Q,A) with n-ary operation A such that in the equality A(x1, x2) =
x3 knowledge of any two elements of x1, x2, x3 the uniquely specifies the remaining
one is called a binary quasigroup [3]. It is possible to define a binary quasigroup also
as follows.

Definition 1. A binary groupoid (Q, ◦) is called a quasigroup if for any element
(a, b) of the set Q2 there exist unique solutions x, y ∈ Q to the equations x ◦ a = b

and a ◦ y = b [1].

An element f(b) of a quasigroup (Q, ·) is called a left local identity element of
an element b ∈ Q, if f(b) · b = b.

An element e(b) of a quasigroup (Q, ·) is called a right local identity element of
an element b ∈ Q, if b · e(b) = b.

The fact that an element e is a left (right) identity element of a quasigroup (Q, ·)
means that e = f(x) for all x ∈ Q (respectively, e = e(x) for all x ∈ Q).

The fact that an element e is an identity element of a quasigroup (Q, ·) means
that e(x) = f(x) = e for all x ∈ Q, i.e. all left and right local identity elements in
the quasigroup (Q, ·) coincide [1].

A quasigroup (Q, ·) with an identity element is called a loop. In a loop (Q, ·)
there exists a unique identity element. Indeed, if we suppose, that 1 and e are
identity elements of a loop (Q, ·), then we have 1 · e = 1 = e.

Quasigroups are non-associative algebraic objects that, in general, do not have
an identity element. Therefore there exist many ways to define the order of an
element in a quasigroup.

In works [5, 6] the definition of an (n,m)-identity element of a quasigroup (Q, ·)
and some results on topological medial quasigroups with an (n,m)-identity element
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were given. These articles were our starting-point by the study of (m,n)-order of
elements in quasigroups.

As usual La : Lax = a · x is the left translation of quasigroup (Q, ·), Ra :
Rax = x ·a is the right translation of quasigroup (Q, ·), Mlt(Q, ·) denotes the group
generated by the set of translations {Lx, Ry | for all x, y ∈ Q}.

An element d of a quasigroup (Q, ·) with the property d · d = d is called an
idempotent element. By ε we mean the identity permutation.

Definition 2. A quasigroup (Q, ·) defined over an abelian group (Q,+) by x · y =
ϕx + ψy + c, where c is a fixed element of Q, ϕ and ψ are both automorphisms of
the group (Q,+), is called a T-quasigroup [9,10].

A quasigroup (Q, ·) satisfying the identity xy · uv = xu · yv is called a medial

quasigroup. By Toyoda theorem (T-theorem) every medial quasigroup (Q, ·) is a
T-quasigroup with additional condition ϕψ = ψϕ [1, 2].

A loop (Q, ·) with the identity x(y · xz) = (xy · x)z is called a Moufang loop; a
loop with the identity x(y · xz) = (x · yx)z is called a left Bol loop.

A Moufang loop is diassociative, i.e. every pair of its elements generates a
subgroup; a left Bol loop is a power-associative loop, i.e. every its element generates
a subgroup [1,4, 11].

A left Bol loop (Q, ·) with the identity (xy)2 = x · (y2 · x) is called a Bruck loop.
Any Bruck loop has the property I(x ·y) = Ix ·Iy, where x ·Ix = 1 for all x ∈ Q [11].

Definition of the order of an element of a power-associative loop (Q, ·) can be
given as definition of the order of an element in case of groups [7].

Definition 3. The order of an element b of the power-associative loop (Q, ·) is the
order of the cyclic group < b > which it generates.

2 (m,n)-orders of elements

Definition 4. An element a of a quasigroup (Q, ·) has the order (m,n) (or element
a is an (m,n)-element) if there exist natural numbers m,n such that Lma = Rna = ε

and the element a is not the (m1, n1)-element for any integers m1, n1 such that
1 ≤ m1 < m, 1 ≤ n1 < n.

Remark 1. It is obvious thatm is the order of the element La in the groupMlt(Q, ·),
n is the order of the element Ra in this group. Therefore it is possible to name the
(m,n)-order of an element a as well as the (L,R)-order or the left-right-order of an
element a.

Remark 2. In the theory of non-associative rings ([8]) often one uses so-called left
and right order of brackets by multiplying of elements of a ring (R,+, ·), namely
(. . . (((a1 · a2) · a3) · a4) . . . ) is called the left order of brackets and (. . . (a4 · (a3 · (a2 ·
a1))) . . . ) is called the right order of brackets.

So the (m,n)-order of an element a of a quasigroup (Q, ·) is similar to the order
of an element a of a non-associative ring (R,+, ·) with the right and the left orders
of brackets respectively.
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Proposition 1. In a diassociative loop (Q, ·) there exist only (n, n)-elements.

Proof. If we suppose that there exists an element a ∈ Q of diassociative loop of
order (m,n), then in this case we have Lma x = a · (a · . . . (a · x) . . . ) = amx = Lamx.

Therefore Lma = ε if and only if am = 1, where 1 is the identity element of the
loop (Q, ·). Similarly Rna = ε if and only if an = 1.

From the last two equivalences and Definitions 3, 4 (from the minimality of
numbers m,n) it follows that in a diassociative loop m = n, i.e. in diassociative
loop there exist only (n, n)-elements. �

Remark 3. It is clear that Proposition 1 is true for Moufang loops and groups since
these algebraic objects are diassociative.

From Definition 4 it follows that (1, 1)-element is the identity element of a quasi-
group (Q, ·), i.e. in this case the quasigroup (Q, ·) is a loop.

Proposition 2. Any (1, n)-element is a left identity element of a quasigroup (Q, ·).
In any quasigroup such element is unique and in this case the quasigroup (Q, ·) is
so-called a left loop i.e. (Q, ·) is a quasigroup with a left identity element.

Any (m, 1)-element is a right identity element of a quasigroup (Q, ·), the quasi-
group (Q, ·) is a right loop.

Proof. If in a quasigroup (Q, ·) an element a has the order (1, n), then a ·x = L·

ax =
x for all x ∈ Q. If we suppose that in a quasigroup (Q, ·) there exist left identity
elements e and f , then we obtain that equality x · a = a, where a is some fixed
element of the set Q, will have two solutions, namely, e and f are such solutions.
We obtain a contradiction. Therefore in a quasigroup there exists a unique left
identity element. �

Using the language of quasigroup translations it is possible to re-write the defi-
nition of an (n,m)-identity element from [5,6] in the form:

Definition 5. An idempotent element e of a quasigroup (Q, ·) is called an (m,n)-
identity element if and only if there exist natural numbers m,n such that (L·

e)
m =

(R·

e)
n = ε.

Hence any (m,n)-identity element of a quasigroup (Q, ·) can be called as well as
idempotent element of order (m,n) or an idempotent (m,n)-element.

Theorem 1. A quasigroup (Q, ·) has an (m,n)-identity element 0 if and only if
there exist a loop (Q,+) with the identity element 0 and permutations ϕ,ψ of the
set Q such that ϕ0 = ψ0 = 0, ϕn = ψm = ε, x · y = ϕx+ ψy for all x, y ∈ Q.

Proof. Let a quasigroup (Q, ·) have an idempotent element 0 of order (m,n).
Then the isotope (R−1

0 , L−1
0 , ε) of the quasigroup (Q, ·) is a loop (Q,+) with the

identity element 0, i.e. x + y = R−1
0 x · L−1

0 y for all x, y ∈ Q ([1]). From the last
equality we have x · y = R0x + L0y, R00 = L00 = 0. Then ϕ = R0, ψ = L0,

Lm0 = ψm = Rn0 = ϕn = ε.
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Conversely, let x · y = ϕx+ψy, where (Q,+) is a loop with the identity element
0, ϕ0 = ψ0 = 0, ϕm = ψn = ε. Then the element 0 is an idempotent element of
quasigroup (Q, ·) of order (m,n) since L·

0y = ψy, R·

0x = ϕx and (L·

0)
m = ψm = ε,

(R·

0)
n = ϕn = ε. �

3 (m,n)-linear quasigroups

Definition 6. A quasigroup (Q, ·) of the form x · y = ϕx + ψy, where ϕ,ψ are
automorphisms of a loop (Q,+) such that ϕn = ψm = ε, will be called an (m,n)-
linear quasigroup.

Taking into consideration Theorem 1 we see that any (m,n)-linear quasigroup
(Q, ·) is a linear quasigroup over a loop (Q,+) with at least one (m,n)-idempotent
element.

Lemma 1. In an (m,n)-linear quasigroup (Q, ·) of the form x · y = ϕx+ψy, where
(Q,+) is a group, we have

L·

a = L+
ϕaψ, (L·

a)
k = L+

c ψ
k, c = ϕa+ ψϕa + · · · + ψk−1ϕa,

R·

a = R+
ψaϕ, (R·

a)
r = R+

d ϕ
r, d = ψa+ ϕψa+ · · · + ϕr−1ψa.

Proof. It is well known that if ϕ ∈ Aut(Q, ·), i.e. if ϕ(x · y) = ϕx · ϕy for all
x, y ∈ Q, then ϕLxy = Lϕxϕy, ϕRyx = Rϕyϕx. Indeed, we have ϕLax = ϕ(a · x) =
ϕa · ϕx = Lϕaϕx, ϕRbx = ϕ(x · b) = ϕx · ϕb = Rϕbϕx.

Using these last equalities we have

(L·

x)
2 = L+

ϕxψL
+
ϕxψ = L+

ϕx+ψϕxψ
2, (L·

x)
3 = L+

(ϕx+ψϕx)+ψ2ϕx
ψ3,

and so on. �

Proposition 3. An element a of an (m,n)-linear quasigroup (Q, ·) over a group
(Q,+) has the order (k, r), where k, r ∈ N , if and only if ϕa+ψϕa+· · ·+ψk−1ϕa = 0,
ψa+ϕψa+· · ·+ϕr−1ψa = 0, k = m·i, r = n·j, where i, j are some natural numbers.

Proof. It is possible to use Lemma 1. If an element a ∈ Q has an order (k, ), then
the permutation Lka = L+

c ψ
k, where c = ϕa + ψϕa + · · · + ψk−1ϕa is the identity

permutation. This is possible only in two cases: (i) L+
c = ψ−k 6= ε; (ii) L+

c = ε and
ψk = ε.

Case (i) is impossible. Indeed, if we suppose that L+
c = ψ−k, then we have

L+
c 0 = ψ−k0, where 0 is the identity element of the group (Q,+). Further we have

ψ−k0 = 0, L+
c 0 = 0, c = 0, L+

c = ε, ψk = ε. Therefore, if the element a has the
order (k, ), then L+

c = ε and ψk = ε. Further, since ψm = ε, we have that k = m · i
for some natural number i ∈ N .

Converse. If ϕa+ψϕa+ · · ·+ψk−1ϕa = 0, L+
c = ε and ψk = ε for some element

a, then this element has the order (k, ).
Therefore an element a of an (m,n)-linear quasigroup (Q, ·) over a group (Q,+)

will have the order (k, ) if and only if L+
c = ε, i.e. c = 0, where c = ϕa + ψϕa +

· · · + ψk−1ϕa and ψk = ε, i.e. k = m · i for some natural number i ∈ N .
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Similarly any element a of an (m,n)-linear quasigroup (Q, ·) over a group (Q,+)
will have the order ( , r) if and only if R+

d = ε, i.e. d = 0, where d = ψa + ϕψa +
· · · + ϕr−1ψa and ϕr = ε. Further, since ϕr = ε, we have that r = n · j for some
natural number j ∈ N . �

Proposition 4. The number M of elements of order (mi, nj) in an (m,n)-linear
quasigroup (Q, ·) over a group (Q,+) is equal to |K(ϕ)∩K(ψ)| where K(ϕ) = {x ∈
Q |ψx+ϕψx+ · · ·+ϕnj−1ψx = 0}, K(ψ) = {x ∈ Q |ϕx+ψϕx+ · · ·+ψmi−1ϕx = 0}.

Proof. From Proposition 3 it follows that an element a of an (m,n)-linear quasi-
group (Q, ·) over a group (Q,+) has the order (mi, nj) if and only if ϕa + ψϕa +
· · · + ψmi−1ϕa = 0 and ψa+ ϕψa+ · · · + ϕnj−1ψa = 0.

In other words an element a of (m,n)-linear quasigroup (Q, ·) over a group (Q,+)
has the order (mi, nj) if and only if a ∈ K(ϕ) ∩K(ψ).

Therefore M = |K(ϕ) ∩K(ψ)|. �

Theorem 2. Any (2, 2)-linear quasigroup (Q, ·) over a loop (Q,+) such that all
elements of (Q, ·) have the order (2, 2) can be represented in the form x ·y = Ix+Iy,
where x+ Ix = 0 for all x ∈ Q.

Proof. In this case we have (L·

x)
2 = L+

ϕxL
+
ψϕxψ

2 = L+
ϕxL

+
ψϕx = ε for any x ∈ Q.

Then ϕx+ (ψϕx+ 0) = ε0 = 0 for all x ∈ Q. Therefore x+ψx = 0, ψx = −x = Ix.
By analogy we have that ϕx = −x = Ix for all x ∈ Q. Indeed, (R·

x)
2 =

R+
ψxR

+
ϕψxϕ

2 = R+
ψxR

+
ϕψx = ε, ψx+ ϕψx = 0, x+ ϕx = 0, ϕx = Ix. �

Remark 4. From Theorem 2 it follows that any (2, 2)-linear quasigroup (Q, ·) such
that all elements of (Q, ·) have the order (2, 2) exists only over a loop with the
property I(x+ y) = Ix+ Iy for all x, y ∈ Q, where x+ Ix = 0 for all x ∈ Q. A loop
with this property is called an automorphic-inverse property loop (AIP-loop).

We notice, the Bruck loops, the commutative Moufang loops, the abelian groups
are AIP -loops.

4 (m,n)-linear T-quasigroups

Theorem 3. If in an (m,n)-linear T-quasigroup (Q, ·) of the form x · y = ϕx+ ψy

over an abelian group (Q,+) the maps ε − ϕ, ε − ψ are permutations of the set Q,
then all elements of the quasigroup (Q, ·) have order (m,n).

Proof. It is easy to see that if the maps ε−ϕ, ε−ψ are permutations of the set Q,
then m > 1, n > 1. From Proposition 4 it follows that the number M of elements of
the order (m,n) is equal to the number |K(ϕ) ∩K(ψ)|, where

K(ϕ) = {x ∈ Q|(ε+ ϕ+ . . . + ϕn−1)ψx = 0},
K(ψ) = {x ∈ Q|(ε+ ψ + . . . + ψm−1)ϕx = 0}.

Since the map ε− ϕ is a permutation of the set Q, we have: ε+ ϕ+ . . . + ϕn−1 =
(ε+ϕ+ . . . +ϕn−1)(ε−ϕ)(ε−ϕ)−1 = (ε−ϕ+ϕ−ϕ2 +ϕ2 − . . . −ϕn)(ε−ϕ)−1 =
(ε− ϕn)(ε− ϕ)−1. Since ϕn = ε we obtain that K(ϕ) = Q.
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By analogy it is proved that K(ψ) = Q. Therefore K(ϕ) ∩K(ψ) = Q. �

A quasigroup (Q, ·) with the identities x·(y·z) = (x·y)·(x·z), (x·y)·z = (x·z)·(y·z)
is called a distributive quasigroup [1].

Corollary 1. In any medial distributive (m,n)-linear quasigroup all its elements
have order (m,n).

Proof. It is known that any medial distributive quasigroup (Q, ·) can be presented
in the form x · y = ϕx+ψy, where (Q,+) is an abelian group and ϕ+ψ = ε [1,12].
Therefore conditions of Theorem 3 are fulfilled in any medial distributive (m,n)-
linear quasigroup. �
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