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About one explicit-difference scheme for solving the
plane problem for two-component medium

V. Cheban, I. Naval

Abstract. The finite-difference scheme for plane dynamical problem of the theory
of elasticity of two-component medium in displacements is obtained. The stability of
this scheme by means of Niemann conditions is studied. Is found the maximal time
step in dependence on the space step for which the stability is kept.
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The research of wave processes in many components continuous media represents
a great interest for seismology, construction, the research of the dynamic behavior of
the various mixtures of the soils etc. The works [1-6] are dedicated to the construc-
tion of mathematical models of such media. M.A. Biot in his works [1-3] proposed
a rather general approach in the linear mechanics of deformation and distribution
of acoustic waves in porous two-component medium.

The non-numerous works [7-13] devoted to the solution of concrete problems
on the basis of M.A. Biot’s equations refer exclusively to the simplest kinds of two-
components media (mixture of two isotropically solid bodies, isotropically solid body
and liquids, a liquid and a gas), the first stage of the solution of the problem doesn’t
provoke any difficulties being the determination of the speeds of the wave types
appeared.

The purpose of the present article is the estimation of the time step providing
the stability of one explicit finite-difference scheme for the plane dynamical problem
of the theory of elasticity of two-component medium. Non-stationary processes in
every layer are described by equations of the theory of elasticity: the equations of
motion, the Hooke’s law and the Cauchy relations.

The relations between stresses and deformations in conditions of plane deforma-
tion are the following:

Ogg = —Q2 + (/\1 + 2#1) Exz T /\lgyy + (/\3 + 2,“3) Qzx + /\3ny;
Oyy = —02 + AMEga + ()\1 + 2;“1) Eyy + A3Gza + (/\3 + 2#3) Qyy;
Mge = Q2 + ()\2 + 2,“42) Qrz + )\2ny + ()‘4 + 2”3) Exz + )\4Eyy;
Myy = Q2 + A2Gza + ()\2 + 2#2) Qyy + MEze + ()\4 + 2;“3) Eyys
Oxy = 2 (,UflE:cy + N3q:cy) — A5 (h:cy - hyx) ;
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Oyx = 2 (:ulemy + ﬂ3me) + A5 (h ygc)

—h
Toy = 2 (H2Guy + 113€2y) — A5 (hay — hya); (1)
Tgy = 2 (,uquy + /L35xy) + A5 (h hygc)

The behavior of the elastic system is described by the equations of motion:

0042 n 004y B % B A%uy n D% usy b % B % .

dz 9y oz Mo TPy at ot

Jdoy,z Oo omo 9%vy 5%vy ovy Ovy

pu s S o e oG- 57)
Ofpy  Omg omo A%uy 0%usy ouq Ous

5: T oy Tor=Mar g _b<8t ot @)
Omyy  Omyy  Om B 5%y 82212 ovy Ovy

ar oy "oy Mo Tr2ue U\ar o

where u;, v; (i =1,2) are the components of the displacement vector of firm phases;
Ozxs Ozy, Oyzs Oyy» Tax, Tay, Tya, Tyy are the components of the stress tensor; €4, Exy)
hyzs €yys Qras Qoys Pye, Qyy are the components of deformation; p11, p22 are the effec-
tive component masses at their relative motion; p11 + p12 = p1, p22 + P12 = P2, P12
is the ,,connecting parameter” between the components of the mixture or the ad-
ditional apparent mass; s = A3 — A4is the constant with the dimension of stress;

Aj i, (j =1,5) are the Lame constants; p1, poare the densities of phases; b is the
diffusion coefficient

mo = p1/paa(qz + qy) + p1/paa(es +&y).

The relations between the deformations and displacements are the following
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Let us consider the formulation of the problem in displacements. To obtain this

formulation we substitute the relations (1) and (3) in the equations of motion. After
some simple transformations the obtained equations can be presented in the form:

hay =

5%uy 0%uq 9%vy 82u2 D% usy 9%vy
— 4+ Ap—5+ (A1 —A B Bis——+4+(B11—B =
52 T A 5 +(An 12)8 By +Bi1—— + B2 0y +(Bn 12)8:1363/

An

82u i 8u2+b 8u1+8u2
TP T PR at ot




ABOUT ONE EXPLICIT-DIFFERENCE SCHEME FOR SOLVING ... )

A21% +A22%2 5 + (A2 —A22)g gl +321882u2 + Baa (9;;22 +(Ba1 —B22)g;gz =
A11% + Alzézj—;; + (A1 — Ai2) gzgl + Bll% + B %2;2 + (B11 — Bi2) g;gz =

Pna;tz + P128;2 +b <aaz;1 + %) ; (4)
A21% + A228;—;21 + (A21 — As) 3221 + Boy 8;”22 + 3228;—;; + (B21 — Ba2) g;gz =

82 8 (%) 8@1 8@2
= p12 8t2 trngg - b <E + E) ,
where A1 = A + 2u1 — p2a2/p; Az = 1 — As; Aar = A2 + 2u + praz/p;
Ago = pa—Xs; Bii = A3+2uz—prag/p; Bia = pz+Xs; Bar = A+2u3+paaa/p;
Bag = 3 + As.

Further it will be convenient to split this system into two systems. The first
system describes the processes connected with elastic properties of the medium. The
second system describes the dissipative properties of the medium. So the systems
differ only in right-hand parts. The first system contains the second derivatives with
respect to time and the second system contains the first derivatives with respect to
time.

Let us consider the following explicit finite-difference scheme for numerical solv-
ing the first system of equations.

Let us consider the rectangular grid with the steps Az with respect to variable
x, Ay with respect to time variable. We’ll denote by Z]; = f(iAz, jAy, kAt) the
values of function f in the nodes of the grid and approximate the derivatives with
finite-difference relations

Pf I =2t I :( " )
o2 Af? m, n
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82fN fn,m+1_2fn,m+fn,m—l :< k >gy§
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a2f ~ fn-i-l,m-i—l_fn—l,m+1_fn+1,m—1+fn—1,m—1 _ (fk ) ~
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as a result we obtain the following discrete system of equations:

A (?hm n) + Ajp <U1m n)y (A1 — Ai2) (”1m ")x +Bu <u2m ”> .

+Bi2 (u2m n)y (Bll - Bl?) <U2m n) = P11 (u]fm n) + p12 (ugm,n)& )
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A () + Az (u, n)y (Az1 — An) (v, ">x + Bor () +
+Ba (Ugm ">y (Ba1 — Baz) <U2m n) — P12 < I ") t P2 <u§m’")ft;
A (thn) + A (vh, n)y (A1 — Ap) (o, n) + Buy (Vhn) +

+ B2 <U2m n) + (B11 — Bi2) <u§mn) _ =pn <U'fm n) + p12 <U§m,n), ;o (5)
gy Yy tt

Aoy (Ulm ")x + Ao <v1m n) o + (Ag1 — Ago) (ulm n) + Boy <v2m n) _ +

() ) =) ),

We do not consider here the initial and boundary conditions supposing that the
grid is unboundly continuous with respect to zand y.

Let us study the stability of finite-difference scheme (5) by means of Neumann
condition [14]. We find the solution of equations (5) in the form

k kzamzn . k _ kzamzn .
i,m,n e b Uig; Ui,m,n = e b Uzo (2_172) (6)

As a result we obtain the characteristic equation. After the following notations

y—241
e v-a @
. ®—24¢"  2(1—cos oz)_4sin2% . C__sinasinﬁ.
N A x2 N A x2 O Ag?2 N AzAy
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the characteristic equation can be written in the form:

a§" — puw BT —prw (A — A12)¢ (B — Bi)¢

aS? — prow B — paw  (Agg — Aw)C (Bx — Bw)C — 0
(A1 — A12)¢ (Bir — Bi2)¢ CL7175 - prw baﬁ — praw ’
(Ag1 — A)( (B21 — Ba)( c/f — praw b’f — p2w

where af = Anf+ Apg; blfg = Bj1f + Biag.

The necessary Neumann condition of stability is that |y| < 1 for all eight roots
~y calculated from (7), where w are the four roots of the last equation. From the last
equation we obtain the equation of the fourth order with respect to w:

wha*wd + bW+ cfw +dF =0, (9)

where a*,b*,c*,d* € R, a* # 0.
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This equation can be written in the form:
(W? +a*w/2)? = (a?/4 — b*)w® — c'w — d*.
Let us add to both parts of the equation the term(w2 + a*w/2)%*y + y?, then
(W2 + a*w/2 + y/2)% = (a*2/4 — b* + y)w? + (a*y/2 — ¢ )w + y2/4 — d*.

We’ll find y in such a way that the right-hand part of the equation would be a
perfect trinomial square. After the following notations A? = a*?/4 —b* +y, B2 =
y?/4 —d*, 2A,B, = a*y*/2 — ¢*, this condition can be written in the form 442 B2 =
(2A.B,)%. So we've obtained the resolvable equation. If yq is the root of the last
equation, then the solution of equation (9) reduces to the solution of the following
two equations w? + a*w/2 4+ y9/2 = Aww + B, and w? +a*w/2 4+ yo/2 = — Aww — B,.
The examination of the roots of these equations by means of computer showed that
all four roots are real and positive.

Let us consider the equation (7). It can be written in the form

Y- (2-wAt?) v +1=0. (10)

It is easy to realize that in the case of real w one of the following situations is
possible:

— if the next condition is fulfilled
0<wAt? <4, (11)

then both roots are complex and their modules are equal to 1;

— if the condition (11) is not fulfilled, then both roots are real one of them is less
than 1, but another is greater thanl (the product of the roots is equal to 1).

Thus, even if one of the values w; (i = 1,4) does not satisfy (11), then among the
eight roots v of the characteristic equation (5) there is necessarily one with module
greater than 1. According to Neumann condition the finite-difference scheme (5)
will be unstable. If the values w; satisfy the condition (11), then the modules of
all eight roots will be equal to 1. Hence, the finite-difference scheme (5) without
boundary conditions will be stable.

The examination of the roots of the equation (9) makes it possible to say that
the maximum value of the greatest of them is achieved at the corner point of the
rectangle 0 < ¢ < 4/Az? . 0<n<4/Ay%

If the maximum value of the function w (§, 1) is achieved at the corner point
¢ =4/Ax? | n=4/Ay?, then the following estimation is fulfilled:

w< (Q + /2~ 1A (AC — BD)) /(2A%), (12)

where Q = Apay + Cpi1 — (B + D)p1a, A% = pripas — ply, A =4(An/Ax? +
Alg/Ay2), B = 4(311/AJE2 + Blg/Ay2), C = 4(321/AJE2 + ng/Ay2), D =
4(A21/A$2 + Agg/Ayz).



8 V. CHEBAN, I. NAVAL

It is evident that Q = A*(a? + b?), where

a? = <@ + \/@2 — 4A*(A11321 - B11A21)> /(QA*),

b2 = (E + \/22 — 4A*(A12B22 — Bl2A22)> /(ZA*),

© = A11pa2 + Baipi1 — (A21 + Bii)pie; X = Arapas + Baopir — (Az2 + Bi2)pio,
as a result we obtain

w<a2+b2 4 n 4 a? — b?
-2 Az? Ay 2

4 B 4
Az?  Ay?

. (13)

According to the condition (11) the stability of the finite-difference scheme with-
out boundary conditions will take place if the step with respect to time variable will
satisfy the following condition:

At = Arhy . if Az < Ay (15)
VazAy? + b2 Ag?

At = A2AY i Ar> Ay (16)
Va2Az? + b2 Ay?

Now we’ll take in consideration the dissipative terms in the system (4). The
right-hand parts of the second system can be approximated by the relation

a” T AL T (fF )8 (17)

where f is one of the functions u;, v;, i =1,2.

The values of these additional terms (in comparison with elastic model) are
taking into account in the construction of transmission formulas for the next time
moment txq =t + At.

The finite-difference scheme for system (2) in the operator form can be written
in the following form

Ukt = [E—l—T(A[—i-AH)] Uk, (18)

where A7, Aj; are difference operators with chosen approximation of the right-hand
parts.

Let 77 and 777 be the time steps that provide the stability of these systems, i.e.
the conditions ||E + 17 A;|| < 1; |E + 771 Arr]] < 1 are fulfilled for some norm of the
difference operator. Then, if the step 7, verifies the inequality

r(2+2) < (19)

TI TII
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then the condition
”E—I-T(A[—i-A]])” <1, (20)

is fulfilled, i.e. the stability of the finite-difference scheme for system of equations
(4).

In reality, from the identity E+71 (A + Arr) = ri (E + 71Ap)+rr (E+ 1A+
(1—=rr—rr)E (here rprp = 7, rrprrr = 7) and from the convexity of the norm
follows that

\E+71 (Ar + Al < rillE+ 1AL+ rif|E + rrArr ||+

—H 1—7’[—7’11’ ST[—FT[[—F‘ 1—7’[—7’11‘.

Hence, the inequality (20) will be fulfilled, if 1 —r; —r;; > 0. As r; = 7/77,
rrr = 7/711, then the last condition consider with (19).

As it was mentioned above the stability of the finite-difference scheme for elastic
model is provided by conditions (15) and (16), i.e.

1 a2Ay? + b2 Ax?

. < Au
TI AzAy if Av < Ay;

1 \/a2Az2 + b2Ay?
- = if Ax > Ay. 21
TI AxAy if Az = Ay (21)
Let us obtain the value 777, which provides the stability of the corresponding
scheme.
With the help of auxiliary value (A — 1)/At = —pu, we obtain the characteristic

equation in the following form:

ai’ — pup B —pap (An — A)C (B — Bi2)¢
a5? — prap B — paap (Aar — Ax)C  (Bai — Ba2)C
(A11 — A12)¢ (B11 — Bi2)¢ CL7175 —pup B —pap
(A1 — A)( (B2 — Ba)( c/f — pizit b’f — p2a2jt

From this determinantal equation we obtain
2 4 4 2
(w=&=n) | =3 E+mpu+3En-C)| =0
According to the above notations A\ = 1 — uAt and, hence, the necessary condi-
tion of stability |A| < 1 is reduced to the inequality
1—pxAt>-—1 (23)

where px* is the maximal value of the greatest root and «, 8 are arbitrary.

The maximal value of the greatest root for arbitrary «, [ was studied by means
of computer in rectangle 0 < ¢ < 4/Az?, 0 <1n < 4/Ay? The maximal value of
the greatest root is achieved at a corner point.
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If the maximal value of the function p(§, 1) is achieved at the corner point
¢ =4/Ax? | n=4/Ay? then the following estimation is fulfilled:

AC — BD
* . 24
W =bA+CTB+D) (24)
Hence, from (19) we obtain:
At < 2/ps: (AC — BD) (25)

= 200(A+B+C+ D)
So, from the condition of stability (19) for equal grid steps Az = Ay = h, we obtain

_ T (26)
TITII

Thus, in comparison with ”pure” elastic model the calculations of the dissipative
problem by means of explicit finite-difference scheme must be effectuated with a
smaller time step.

It is obvious that the application of the explicit difference scheme is expedient
only in rather narrow range of dissipative coefficient, when the ratio b/his small.
We shall notice that in the case of small values of b, the attributing of the dissipa-
tive terms in finite-difference equations loses sense as the coefficients of difference
viscosity of this scheme are values of the order hZ.

In the case when b >> 1 it is expedient to consider independently a dissipative
system of equations instead of system (4) The elasticity will play a role of small
correction for the solution.

The carried out research allows to hope that the stability of calculations with
the time step verifying condition (26) will take place. However, as the research
was carried out without taking into account boundary conditions, it requires ex-
perimental examination. Such examination was carried out. As an example the
problem of impact of the rectangular domain on a rigid barrier was considered. The
calculated formulas were received in the boundary nodes of the grid. This explicit
finite-difference scheme was successfully approved under test problems. The accept-
able coordination of the compared results and obtaining the converging solutions by
reducing the grid step testify their reliability and closeness to the exact solution.
The realization of numerical experiments with different grids (when h — 0) has
allowed to estimate the actual speed of convergence of the difference scheme and to
optimize the number of nodes of integration to achieve the acceptable accuracy by
the minimal expenses of computer time and operative memory resources.
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