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Exponent matrices and their quivers
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Abstract. We consider exponent matrices and investigate their connections with
tiled orders and quivers, finite partially ordered sets and doubly stochastic matrices.
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1 Introduction

Exponent matrices appeared in the study of tiled orders over discrete valuation
rings. Many properties of such orders are formulated using this notion. We think
that such matrices are of interest in them own right, in particular, it is convenient
to write finite partially ordered sets (posets) and finite metric spaces as special
exponent matrices.

Note that when we defined a quiver Q(€) of a reduced exponent matrix &, &€
corresponds to a reduced tiled order A, a matrix £ corresponds to a Jacobson
radical R of A, and £®) corresponds to R2. Then the adjacency matrix [Q] =
£ — £ defines a structure of the A-bimodule V' = R/RZ2.

Note that investigations on tiled orders over discrete valuation rings and finite
posets are discussed in [10]. The bibliography about tiled orders see in [2] and [3].

2  Quivers

We recall basic facts about quivers and related topics. Following P. Gabriel a
finite directed graph @ is called a quiver.

Definition 2.1. A quiver QQ without multiple arrows and multiple loops is called a
simply laced quiver.

Denote by VQ = {1,...,s} the set of all vertices of Q and by AQ the set of
its all arrows. We shall write @ = {AQ, VQ}. Denote by 1,...,s the vertices of a
quiver () and assume that we have g;; arrows beginning at the vertex i and ending
at the vertex j. The matrix

qi1 q12 --- (Qis
q21 422 ... Q2
Q=T
ds1 qs2 --- (ss
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is called the adjacency matrix of Q).

Obviously, a quiver @ is simply laced if and only if [@)] is a (0, 1)-matrix.

Let @Q be a quiver. Usually we will denote the vertices of Q by the numbers
1,2,...,s. If an arrow o connects a vertex ¢ with a vertex j then i is called its start
vertex and j its end vertex. This will be denoted as o : i — j. A loop at the vertex
j is an arrow such that the start vertex j coincides with the end vertex j.

A path of the quiver () from a vertex i to a vertex j is an ordered set of k arrows
{01, 09,...,0,} such that the start vertex of each arrow o, coincides with the end
vertex of the previous one o, 1 for 1 < m < k, and moreover, the vertex i is the
start vertex of o1, while the vertex j is the end vertex of 0. The number & of these
arrows is called the length of the path.

The start vertex ¢ of the arrow oy is called the start of the path and the end
vertex j of the arrow oy, is called the end of the path. We shall say that the path
connects the vertex ¢ with the vertex j and it is denoted by o109...01 : ¢ — j.

Now we shall give a definition of a diagram Q(P) of a finite poset P.

Definition 2.2. ([1], Ch.1, §3). By ”"a covers b” in a poset P, it is meant that
a>x>b fornoxeP.

Definition 2.3. ([4], p. 233, see also [6]). Let P = {ai,ag,...,an} be a finite
poset with an ordering relation <. The diagram of P is the quiver Q(P) with the set
of vertices VQ(P) = {1,...,n} and the set of arrows AQ(P) such that in AQ(P)
there is an arrow o : i — j if and only if a; covers o.

Definition 2.4. ([7], §8.4). A quiver without oriented cycles is called an acyclic
quiver.

Definition 2.5. An arrow o : i — j of an acyclic quiver Q is called extra if there
exists a path from i to j of length greater than 1.

Theorem 2.6. ([6], [4], §7.7). Let Q be an acyclic simply laced quiver without extra
arrows. Then @Q is the diagram of some finite poset P. Conversely, the diagram
Q(P) of a finite poset P is an acyclic simply laced quiver without extra arrows.

3 Exponent matrices

Denote by M, (Z) the ring of all square n X n-matrices over the ring of integers
Z. Let £ € M, (Z).

Definition 3.1. We call a matriz € = (a;j) an exponent matrix if o;; + Qg > Qg
for i,5,k = 1,...,n and oz = 1,...,n fori = 1,...,n. These relations are
called ring inequalities. An exponent matriz £ is called reduced if oyj + aj; > 0 for
ij=1,...,n.

Let £ = (a;j) be a reduced exponent matrix. Set 1) = (8;;), where 8;; = j
fori#jand B; = 1fori = 1,...,n, and £@ = (7ij), where 7;; = 1I<I}€11<1 (B +

Br;). Obviously, Q] = £3) — W is a (0,1)-matrix.
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Definition 3.2. The quiver Q(E) shall be called the quiver of the reduced exponent
matrix £.

Definition 3.3. A strongly connected simply laced quiver shall be called admissible
if it is a quiver of a reduced exponent matric.

Definition 3.4. A reduced exponent matriz € = (a;j) € My(Z) shall be called
Gorenstein if there exists a permutation o of {1,2,...,n} such that a;; + Ako(i) =
Qig(iy for i,k = 1,...,n.

The permutation o is denoted by o(€). Notice that o(€) for a reduced Gorenstein
exponent matrix £ has no cycles of the length 1.

Definition 3.5. We shall call two exponent matrices £ = (cy;) and © = (0;5)
equivalent if they can be obtained from each other by transformations of the following
two types:

(1) subtracting an integer from the i-th row with simultaneous adding it to the
i-th column;

(2) simultaneous interchanging of two rows and the equally numbered columns.

Proposition 3.6. [3]. Suppose that £ = (a;j) and © = (0;;) are exponent matrices
and © is obtained from € by a transformation of type (1). Then [Q(E)] = [Q(O)].
If € is a reduced Gorenstein exponent matrixz with permutation o(E), then © is also
reduced Gorenstein with 0(©) = o(£).

Proposition 3.7. [3]. Under transformations of the second type the adjacency
matriz [Q] of Q(O©) changes according to the formula: [Q] = PL[Q|Pr, where [Q] =
[Q(E)]. If € is Gorenstein then © is also Gorenstein and for the new permutation
7 we have: 1 = 7 to7, i.e., 0(0) = 770 (E)T.

Definition 3.8. The index (in&) of a reduced exponent matriz € is the maximal
real eigenvalue of the adjacency matriz [Q(E)] of Q(E).

It follows from Proposition 3.6 and Proposition 3.7 that indices of equivalent
reduced exponent matrices coincide.

Theorem A. The matriz [Q] = E@ — M) s the adjacency matriz of the strongly
connected simply laced quiver Q@ = Q(E).

Proof. [Q] is a (0,1)-matrix, then it is the adjacency matrix of a simply laced
quiver.

We shall show that [@] is a strongly connected quiver. Suppose the contrary.
It means that there is no path from the vertex i to the vertex j in (). Denote by
VQ(i) = Vi the set of all vertices k of @ such that there exists a path beginning at
the vertex ¢ and ending at the vertex k. It is obviously that Vo = VQ \ VQ(i) # 0
(7 eV(Q)\V(Q)(i)). Consequently, VQ = V3 UVy and Vi1 NV, = 0. It is clear
that there are no arrows from V; to V5. One can assume that V4 = {1,...,m} and
Vo = {m+1,...,s}. It is obvious, that a simultaneous permutation of rows and
columns will take place in the exponent matrix £. Moreover, under transformations
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of the first type, we can make the elements at the first row of £ equal zero, i.e.,
aypy = 0forp =1,...,5. S0, apg >0 for p,g = 1,...,s and

where & € M, (Z), & € My, (Z). With the exponent matrix & we connect a
poset Pe, = {m +1,...,s} with an ordering relation ¢ < j if and only if a;; = 0.
One can consider that m + 1 € Pg, is the minimal element. Then aj,u+1 > 0
for i > m + 1. Since, qi;m+1 = 0, then there exists k (2 < k < m) such that
Qim+1 = 01k + Qgme1. Simultaneously interchanging the 2-nd and k-th columns
and the 2-nd and k-th rows of £, we obtain that ag,,+1 = 0. Since ga;,+1 = 0, again
obtain a1 = 0 = aogp+agmy1 for 3 < k < m, i.e., one can consider that ag3 = 0
and a3, 1 = 0. The elements of the matrix 1) B3; = g1, f32 = agg, f33 = 1 are
nonzero. Again, q3;ym+1 = 0 and agme+1 = 0 = asg + agmer for 4 <k < m. Hence,
a4m+1 = 0. Continuing this process we have that o = g3 = ... = am—1m = 0
and ome+1 = 0 for i = 1,...,m, consequently a matrix &£ is down triangular, and
all elements 5,1, ..., Bmm are natural integers. So, ¢mm+1 = min(Bpk + Bema1) —
Umm+1 = 1 —0 = 0. We obtained a contradiction. Theorem is proved. O

4 Gorenstein exponent matrices and entropic quasigroups

In general case a Latin square [5] of order n is a square with rows and columns
each of which is a permutation of a set S = {si,...,s,}. Every Latin square is a
Cayley table of a finite quasigroup. In particular, the Cayley table of a finite group
is the Latin square. As a set S we will consider S = {0,1,...,n— 1}.

Example 1. The Cayley table of the Klein four-group (2) x (2) can be written in
such form:

01 2 3
103 2
KE=K4) =1, 3¢
3210

Then K(4) is a reduced Gorenstein exponent matrix with permutation o =
o(K(4)) = (14)(23). Obviously,

K@ —

W W NN
W W NN
NN W W
NN W W

and
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QK) = K@ - KW =

1
0
1 =3P,
1

O = =
— O~
=== O

where P; is a doubly stochastic matrix, and Q(K) is

Q)

Obviously, in K = 3.

Definition 4.1. A real non-negative s x s-matric P = (p;;) is doubly stochastic if
dioipij = Land 337 pij = 1 foranyi,j = 1,...,s.
Definition 4.2. (see [8], p. 140). A quasigroup Q) which satisfies the identity
(zu)(vy) = (zv)(uy) for z,y,u,v € Q is called entropic.

Example 2. ([8], p. 141, V. 2.2.1. Example). Let Q(5) = {0,1,2,3,4} be the
quasigroup with the following Cayley table

=W N = OO
B W N = OO
W N = O -
N = O W
= O R W NDW
O B W N

It is clear, that Q(5) is an entropic quasigroup. The Cayley table

043 21
10432
EG)=12 10 4 3
3210 4
43210

of Q(5) is a reduced Gorenstein exponent matrix with o(£(5)) = (12345).
Obviously,
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[QEB))] = = 2P,

SO O = =
SO = = O
S = = O O
= = O O O
_ o O O =

where P» is a doubly stochastic matrix, and in £(5) = 2.

Definition 4.3. A reduced Gorenstein exponent matrixz € is called cyclic if o(&) is
a cycle.

Remark. Note, that a reduced tiled order A is Gorenstein if and only if its reduced
exponent matriz E(A) is Gorenstein.
Hence, in view of the Theorem 3.4 [9] we have such theorem.

Theorem B. Let £ be a cyclic reduced Gorenstein exponent matriz. Then [Q(E)] =
AP, where X is a positive integer and P is a doubly stochastic matrix.

For the Cayley table

[ 0 n—-1 n—-2 ... 2 1 7
1 0 n—-1 ... 3
2 1 4
E(n) = 0 3
n—2 n—-3 n—4 ... 0 n-1
ln—1 n—-2 n-3 ... 1 0 |

of the entropic quasigroup Q(n), we have [Q(E(n))] = E, + J;, (0) + e1,, where
J(0) = ea1 + ...+ eppn—1 is the lower nilpotent Jordan block.
The next definition is given in ([9], Section IV).

Definition 4.4. A finite quasigroup Q) defined on the set S = {0,1,...,n — 1} is
called Gorenstein if its Cayley table C(Q) = (ayj) has a zero main diagonal and
there exists a permutation o : i — o(i) fori=1,...,n such that i +ake@) = Qe
fori=1,...,n.

If o is a cycle then G is a cyclic Gorenstein quasigroup.

Proposition 4.5. The quasigroup Q(n) is Gorenstein with permutation o =
(12...n), i.e. Q(n) is a cyclic Gorenstein quasigroup.

Proof. Obvious.

Theorem 4.6. For any permutation o € S, without fixed elements there exists a
Gorenstein reduced exponent matriz € with permutation o(€) = o.

Proof. Suppose that o has no cycles of length 1 and decomposes into a product of
non-intersecting cycles ¢ = o7 - - - 0}, where o; has length m;. Denote by ¢ the least
common multiple of the numbers m; —1,...,m; — 1.
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Consider the matrix

tlg(ml) tUml Xma tUml Xms c .. tUml XMy
0 t25(m2) tUm2><m3 ce tUmQka
5(m1, . ’ms) = 0 0 t35(m3) ces tUm3ka ,
0 0 0 oo € (my)
where t; = =T Um;xm; 18 an m; X m; - matrix whose entries equal 1; & (m) =
i—7 if 4 > g:

i—7+m, ifi<j.

Let us remark that ;5 + €;,(;) = €i5(;) = m — 1 for all ¢, j.

Evidently, £(my,...,ms) is the reduced Gorenstein exponent matrix with per-
mutation 7(A) = (123...m1)(my + 1...m3 +mg)---(my +mo + -+ + mp_1 +
1...m1—|—m2—|—---—|—mk_1+mk).

Since the permutations ¢ and 7 have the same type, these permutations are
conjugate, i.e., there exists a permutation 7 such that o = 7717 (A)7.

Consequently, by Propositions 3.6 and 3.7, the matrix PY'&(my,...,m,)P; is the
reduced Gorenstein exponent matrix with permutation o(€) = o. O

In conclusion of this section we formulate the following question.

Suppose that a Latin square £ [5] defined on S = {0,1,...,n—1} is an exponent
matrix which is doubly symmetric, that is £ is symmetric with respect to the main
diagonal and is also symmetric with respect to the secondary diagonal. Suppose also
that the first row of £is {012 ... n—1}.

Is it true that £ is necessarily the Cayley table of an elementary abelian 2-group?

5 Reduced exponent (0, 1)-matrices and finite partially
ordered sets

With any finite partially ordered set (poset) P we relate a reduced exponent
(0,1)-matrix Ep = (A;;) by the following way: \;; = 0 < i < j, otherwise \;; = 1.

It is easy to see that £p is indeed a reduced exponent matrix.

Conversely, a reduced (0,1)-matrix £ = ();;) defines the finite poset P¢ by the
rule: ¢ < jif and only if \;; = 0, and P¢, = P.

Denote by Pae (resp. Ppin) the set of the maximal (resp. minimal) elements
of P and by Ppaz X Prin their Cartesian product.

From ([2], Theorem 6.12) we have

Theorem C. The quiver Q(Ep) can be obtained from the diagram Q(P) by adding
the arrows o;; for all (pi,p;) € Pmaz X Pmin-

Definition 5.1. We shall say that finite posets S and T are Q-equivalent if reduced
exponent (0,1)-matrices Es and Ep are equivalent.

Definition 5.2. An index in P of a finite poset P is the mazximal real eigen-value
of the adjacency matriz [Q(Ep)] of Q(Ep).
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Now we shall give the list of indexes of posets with at most four elements.

L (1) = {o},in(I,1) = 1.

IL (1) = { T } Jin(I1,1) = 1; (2) = {e e}, in(I1,2) = 2.

|
IIL (1) =< e » ,in(II1,1) =1
|
(2) = { / N } 3) = { N / } in(I11,2) =
in(I11,3) = \/2;

! .
. / AN

IV.(1) =< | »,in(IV,1) =1; (2) = { e o 5. in(IV,2) =
. AN /
! .

V2; )

AN / !

3) = ° , (4) = ° . in(IV,3) =

! / N

; xs.6(z) = z(x3 —x —1) and

—~
ot
S—
I
[ ]
e — e — o
—~~
(=)
S~—
I
[ ]
e — e — o

1.32 < in(IV,5) = in(IV,6) < 1.33;
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s xs() = o(e® —a® —1)

—~~
-
S—
I
<.
S
—~
~
=
N
~
I
—~~
oo
S~—
I
e — o — o

and

@ =9 1 N | pin(V,9) = V3

(10) = VRN , (1) = NS , in(10) =
in(11) = /3;

(12) = VAN , (13) = NS ,

in(IV,12) = in(IV,13) = 2;

) = | X | bin(v,14) = 2,
(15) = | ¢, x15(z) = 22(2? — 22 — 1) and in (IV,15) = 1+ V/2;

(16) = {o o @ o}, in(IV,16) = 4.

Note that posets (IV,2), (IV,3) and (IV,4) are Q-equivalent. For posets N =
(IV,9) and Fy = (IV,11) we have in N = inF;, = /3, but N and Fj are non-Q-
equivalent.
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