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Abstract. For every overnilpotent radical defined on the class of all topological
rings every σ-bounded locally bounded topological ring is a subring of some radical
topological ring.
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The radical theory of topological rings has developed similarly to the radical
theory of discrete rings. Though the presence of topology and the claim for some
ideals to be closed in it has made the matter specific. The survey [1] contains rather
complete data on radicals of topological rings.

It has been found out that all the overnilpotent radicals defined in the class of
all topological rings are rather large. So it was proved in [3] that for every minimal
overnilpotent radical defined in the class of all topological rings there exists a radical
ring with an identity, and it was proved in [4] that every topological ring is radical for
every strictly hereditary overnilpotent radical defined in the class of all topological
rings.

The last result became a reason to formulate a hypothesis that for every
overnilpotent radical defined in the class of all topological rings every topological
ring is a subring of a some radical ring (see [1], the problem I.1.31).

The article contains a particular solution of the problem. Its main result is
the theorem asserting that for every overnilpotent radical defined in the class of all
topological rings every σ-bounded locally bounded topological ring is a subring of a
radical topological ring.

Though the above mentioned result is a step to the positive solution of the
hypothesis, one gets less certain that it has the positive general solution while con-
structing the proof.

1 Remark. Write:

1.1. N for the set of all naturals;

1.2. nS for {
n
∑

i=1

ai | ai ∈ S} where n ∈ N and S ⊆ R and R is a ring.

2 Definition. In the article:

2.1. Every topological ring is supposed to be associative and its topology is Has-

dorff;

2.2. A radical ρ defined in the class K of topological rings is said to be overnilpo-

tent if every nilpotent ring R ∈ K is ρ-radical;
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2.3. A subset S of a topological ring (R, τ) is said to be bounded if for every

neighbourhood V of zero in it there exists such a neighbourhood U of zero that U ·S =
{u · s|u ∈ U, s ∈ S} ⊆ V and S · U = {s · u|u ∈ U, s ∈ S} ⊆ V .

2.4. A topological ring (R, τ) is said to be locally bounded if it contains a bounded

zero neighbourhood.

2.5. A topological ring (R, τ) is said to be σ-bounded if R is a union of a countable

set of its bounded subsets.

3 Proposition. Let {Vi | i = 0, 1, . . .} be a sequence of subsets of the ring R such

that 0 ∈ Vi and Vi +Vi ⊆ Vi−1 for every i ∈ N. Hence Vn +
n
∑

i=1

Vi ⊆ V0 and therefore

∞
∑

i=1

Vi ⊆ V0.

The proof can be easily done by the induction on n. �

4 Proposition. Every locally bounded σ-bounded topological ring (R, τ) is a subring

of a locally bounded σ-bounded topological ring (R̃, τ̃) with the identity.

Proof. Write Z for the ring of integers equipped with the discrete topology and
(R̃, τ̃) for the semidirect product of topological rings Z and (R, τ) (see the definition
4.4.2 in [2]). Then R̃ = {(r, k) | r ∈ R, k ∈ Z},

(r1, k1) + (r2, k2) = (r1 + r2, k1 + k2) and
(r1, k1) · (r2, k2) = (r1 · r2 + k1 · r2 + k2 · r1, k1 · k2).
Hence R̃ is an associative ring with the identity.
Since the ring Z is discrete then R′ = {(r, 0) | r ∈ R} is an open subring in

(R̃, τ̃) and (R′, τ̃ |R′ is topologically isomorphic to the topological ring (R, τ).
Hence (R̃, τ̃) is a Hausdorff locally bounded σ-bounded topological ring contain-

ing (R, τ) as a subring. �

5 Theorem. Let ρ be an arbitrary overnilpotent radical defined in the class of all

topological rings. If a topological ring (R, τ) is a locally bounded and σ-bounded then

there exists a ρ-radical topological ring (R̂, τ̂ ) such that the topological ring (R, τ) is

a subring of the topological ring (R̂, τ̂).

Proof. Taking into account Proposition 4 assume R to be a ring with the
identity e.

5.1. By Theorem 1.6.46 in [2] (R, τ) contains such a bounded neighbourhood
U0 of zero and such a basis B = {Vω | ω ∈ Ω} of symmetrical neighbourhoods of
zero that U0 is a subsemigroup of a multiplicative group of the ring R and every
neighbourhood of zero Vω ∈ B is an ideal of the semigroup U0.

5.2. Since a union, a sum and a product of a finite set of bounded sets are
bounded in a topological ring (see 1.6.19 and 1.6.22 in [2], then there exists a set
{Γi | i = 0, 1, 2, . . .} of bounded subsets in (R, τ) such that the following assertions
hold:
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5.2.1. U0 ⊆ Γ0;
5.2.2. e ∈ Γ0;
5.2.3. −Γk = Γk and 2kΓk ⊆ Γk+1 for every k.
5.2.4. Γk · Γk ⊆ Γk+1 for every k.

5.3. For every ω ∈ Ω there exists a sequence {Ui, ω | i = 1, 2, . . .} of neighbour-
hoods of zero from B such that the following assertions hold:

5.3.1. U1, ω + U1, ω ⊆ Vω for every ω ∈ Ω;
5.3.2 Γk+1 · Uk+1, ω ⊆ Uk, ω and Uk+1, ω · Γk+1 ⊆ Uk, ω for every k ∈ N;
5.3.3. 2kUk+1, ω ⊆ Uk, ω for every k ∈ N.

5.4. Let X = {x2, x3, . . .} be a set of variables. Consider the ring R[X] of
polynomials over the ring R with the set of variables X which commute with elements
of R and each other, i.e. xi · xj = xj · xi and r · xi = xi · r for every xi, xj ∈ X and
r ∈ R.

Consider the ideal I of the ring R[X] generated by the set {xi
i | i = 2, 3, . . .}.

Let R̂ = R[X]/I and x̂k = xk + I. By identifying the element r ∈ R with the
element r + I ∈ R̂ we may assume that R is a subring of the ring R̂ and R̂ is a ring
of polynomials over R of the set {x̂2, x̂3, . . .} commuting with the elements of R and
each other and x̂k

k = 0 for every k > 2.

5.5. Given n ∈ N. Write Gn for a subsemigroup of the multiplicative semigroup
of the ring R̂ generated by the set {e, x̂2, . . . , x̂n}. Hence e ∈ Gn ⊆ Gn+1 for every
n ∈ N and G1 = {e}.

5.6. Given n ∈ N and ω ∈ Ω. Write Wn, ω for

∞
∑

i=1

2i(Un·i+n, ω · Gn·i) +
∞
∑

s=1

s
∑

j=1

2s
(

Γn·s−n · Gn·s · (e − x̂n·s+1)
j
)

.

Prove the set B̂ = {Wk, ω | ω ∈ Ω, k = 1, 2, . . .} is a basis of neighbourhoods of

zero of some Hausdorff ring topology τ̂ on R̂ and τ̂ |R= τ (i.e. the topological ring
(R, τ) is a subring of (R̂, τ̂)).

5.6.1. Since 0 ∈ Uk, ω and 0 ∈ Γk for every k ∈ N and ω ∈ Ω then 0 ∈ Wn, ω for
every n and ω, i.e. the assertion BN1 of Theorem 1.2.5 from [2] holds for the set
{Wk, ω | ω ∈ Ω, k = 1, 2, . . .}.

5.6.2. Since 2iM ⊆ 2k·iM for every M ⊆ R̂ such that 0 ∈ M and naturals i and
k then

Wk·n, ω =
∞
∑

i=1

2i(Uk·n·i+kn, ω ·Gk·n·i)+
∞

∑

s=1

s
∑

j=1

2s
(

Γk·n·s−k·n ·Gk·n·s · (e−xk·n·s+1)
j
)

⊆

∞
∑

i=1

2k·i(Un·k·i+n, ω · Gn·k·i) +

∞
∑

s=n

n
∑

j=1

2s
(

Γn·k·s−n · Gn·k·s · (e − xn·k·s+1)
j
)

⊆
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∞
∑

i=1

2i(Un·i+n, ω · Gi) +

∞
∑

s=1

s
∑

j=1

2s
(

Γn·s−n · Gn·s · (e − xn·s+1)
j
)

= Wn, ω

for every n, k ∈ N and ω ∈ Ω and hence Wk·n, ω ⊆ Wn, ω

⋂

Wk, ω, i.e. the assertion
BN2 of Theorem 1.2.5 from [2] holds for the set {Wk, ω | ω ∈ Ω, k = 1, 2, . . .}.

5.6.3. Since −Ui, ω = Ui, ω and −Γi = Γi for every i ∈ N and ω ∈ Ω then
−Wn, ω = Wn, ω for every n ∈ N and ω ∈ Ω, i.e. the assertion BN3 of Theorem
1.2.5 from [2] also holds for the set {Wk, ω | ω ∈ Ω, k = 1, 2, . . .}.

5.6.4. Since 22·k > 2k+1 = 2k + 2k for every k ∈ N then W2·n, ω + W2·n, ω =

∞
∑

i=1

2i(U2·n·i+2·n, ω · G2·n·i) +

∞
∑

s=1

s
∑

j=1

2s
(

Γ2·n·s−2·n · G2·n·s · (e − x2·n·s+1)
j
)

+

∞
∑

i=1

2i(U2·n·i+2n, ω · G2·n·i) +

∞
∑

s=1

s
∑

j=1

2s
(

Γ2·n·s−2·n · G2·n·s · (e − x2·n·s+1)
j
)

=

∞
∑

i=1

(2i +2i)(U2·n·i+2·n, ω ·G2·n·i)+
∞
∑

s=1

s
∑

j=1

(2s +2s)
(

Γ2·n·s−2n ·G2·n·s · (e−x2·n·s+1)
j
)

⊆

∞
∑

i=1

22·i(U2·n·i+n, ω · G2·n·i) +

∞
∑

s=1

2·s
∑

j=1

22·s
(

Γ2·n·s−n · G2·n·s · (e − x2·n·s+1)
j
)

⊆

∞
∑

j=1

2j(Un·j+n, ω · Gn·j) +

∞
∑

t=1

t
∑

j=1

2t
(

Γn·t−n · Gn·t · (e − xn·t+1)
j
)

= Wn, ω

for every n ∈ N, i.e. the assertion BN4 of Theorem 1.2.5 from [2] holds for the set
{Wk, ω | ω ∈ Ω, k = 1, 2, . . .}.

5.6.5. Since r · xi = xi · r and xi · xj = xj · xi for every r ∈ R and i, j ∈ N then

W4·n, ω · W4·n, ω =
(

∞
∑

i=1

2i(U4·n·i+4·n, ω · G4·n·i)+

∞
∑

s=1

s
∑

j=1

2s
(

Γ4·n·s−4·n · G4·n·s · (e − x4·n·s+1)
j
)

)

×

(

∞
∑

i=1

2i(U4·n·i+4·n, ω · G4·n·i) +
∞
∑

s=1

s
∑

j=1

2s
(

Γ4·n·s−4·n · G4·n·s · (e − x4·n·s+1)
j
)

)

=

∞
∑

i=1

∞
∑

j=1

(2i · 2j)
(

(U4·n·i+4·n, ω · U4·n·j+4·n, ω) · (G4·n·i · G4·n·j)
)

+

∞
∑

i=1

∞
∑

s=1

s
∑

j=1

(2i · 2s)
(

(U4·n·i+4·n, ω · Γ4·n·s−4·n) · (G4·n·i · G4·n·s · (e − x4·n·s+1)
j)

)

+
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∞
∑

i=1

∞
∑

s=1

s
∑

j=1

(2s · 2i)
(

(Γ4·n·s−4·n · U4·n·i+4·n, ω) · (G4·n·s · G4·n·i) · (e − x4·s+1)
j
)

+

∞
∑

s=1

s
∑

j=1

∞
∑

t=1

t
∑

i=1

(2s · 2t)
(

(Γ4·n·s−4·n · Γ4·n·t−4·n)×

(G4·n·s · G4·n·t) · (e − x4·n·s+1)
j · (e − x4·n·t+1)

i
)

=

∞
∑

i=1

i
∑

j=1

(2i+j)
(

(U4·n·i+4·n, ω · U4·n·j+4·n, ω) · (G4·n·i · G4·n·j)
)

+

∞
∑

j=2

j−1
∑

i=1

2i+j
(

(U4·n·i+4·n, ω · U4·n·j+4·n, ω) · (G4·n·i · G4·n·j)
)

+

∞
∑

i=1

i−1
∑

s=1

s
∑

j=1

2i+s
(

(U4·n·i+4·n, ω · Γ4·n·s−4·n) ·
(

G4·n·i · G4·n·s

)

· (e − x4·n·s+1)
j
)

+

∞
∑

s=1

s
∑

i=1

s
∑

j=1

2s+i
(

(U4·n·i+4·n, ω · Γ4·n·s−4·n) · (G4·n·i · G4·n·s) · (e − x4·n·s+1)
j
)

+

∞
∑

i=1

i−1
∑

s=1

s
∑

j=1

2s+i
(

(Γ4·n·s−4·n · U4·n·i+4·n, ω · (G4·n·s · G4·n·i) · (e − x4·n·s+1)
j
)

+

∞
∑

s=1

s
∑

i=1

s
∑

j=1

2s+i
(

(Γ4·n·s−4·n · U4·n·i+4·n, ω) · (G4·n·s · G4·n·i) · (e − x4·n·s+1)
j
)

+

∞
∑

s=1

s
∑

j=1

s−1
∑

t=1

t
∑

i=1

2s+t
(

Γ4·n·s−4·n · Γ4·n·t−4·n

)

×

(

G4·n·s · G4·n·t · (e − x4·n·t+1)
i · (e − x4·n·s+1)

j
)

)

+

∞
∑

t=1

t
∑

j=1

t
∑

i=1

2t+t
(

(Γ4·n·t−4·n · Γ4·n·t−4·n) · ((G4·n·t · G4·n·t) · (e − x4·n·t+1)
j+i

)

+

∞
∑

t=1

t
∑

j=1

t−1
∑

s=1

s
∑

i=1

2s+t
(

(Γ4·n·s−4·n · Γ4·n·t−4·n)×

(

G4·n·s · (e − x4·n·s+1)
j · G4·n·t

)

· (e − x4·n·t+1)
i
)

.
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5.6.5.1. Since Ui, ω ·Uj, ω ⊆ Ui, ω and Gj ·Gi = Gi ·Gj = Gi for every i > j and
ω ∈ Ω then

∞
∑

i=1

i
∑

j=1

2i+j
(

(U4·n·i+4·n, ω · U4·n·j+4·n, ω) · (G4·n·i · G4·n·j)
)

⊆

∞
∑

i=1

i
∑

j=1

2i+j(U4·n·i+4·n, ω · G4·n·i) =

∞
∑

i=1

(

i
∑

j=1

2i+j
)(

U4·n·i+4·n, ω · G4·n·i

)

=
∞
∑

i=1

(22·i+1 − 2i+1)
(

U4·n·i+4·n, ω · G4·n·i

)

⊆

∞
∑

i=1

24·i
(

Un·4·i+n, ω · Gn·4·i

)

⊆
∞
∑

j=1

2j(Un·j+n, ω · Gn·j) ⊆ Wn,ω

5.6.5.2. Equalities

∞
∑

j=2

j−1
∑

i=1

2i+j
(

(U4·n·i+4·n, ω · U4·n·j+4·n, ω) · (G4·n·i · G4·n·j)
)

⊆

∞
∑

j=1

2j(U4·n·j+4·n, ω · G4·n·j) ⊆ Wn, ω

are obtained similarly.

5.6.5.3. Since Ui, ω ·Γj ⊆ Ui−1, ω and Γj ·Ui, ω ⊆ Ui−1, ω and Gj ·Gi = Gi ·Gj = Gi

for every i > j and ω ∈ Ω then taking into account the equality

s
∑

j=1

(e − x4·n·s+1)
j ∈ 2s+1G4·s+1 ⊆ 2iG4·i

which holds for every s 6 i − 1 obtain

∞
∑

i=1

i−1
∑

s=1

2i+s · 2i
(

(U4·n·i+4·n, ω · Γ4·n·s−4·n) ·
(

G4·n·i · G4·n·s

)

· (e − x4·n·s+1)
j
)

⊆

∞
∑

i=1

(23·i · i)(U4·n·i+4·n−1, ω · G4·n·i) ⊆
∞
∑

i=1

24·i(Un·4·i+n, ω · Gn·4·i) ⊆

∞
∑

j=1

2j(Un·j+n, ω · Gn·j) = Wn, ω.
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5.6.5.4. Similarly

∞
∑

i=1

i−1
∑

s=1

s
∑

j=1

2s+i
(

(Γ4·n·s−4·n · U4·n·i+4·n, ω) · (G4·n·s · (e − x4·n·s+1)
j · G4·n·i)

)

⊆ Wn, ω.

5.6.5.5. Since Ui, ω · Γj ⊆ Γj · Γj ⊆ Γj+1 and Γj · Ui, ω ⊆ Γj · Γj ⊆ Γj+1 and
Gj ·Gi = Gi ·Gj = Gj for every i 6 j and ω ∈ Ω then taking into account inequalities
s

∑

i=1

2s+i 6 22·s+1 6 24·s obtain

∞
∑

s=1

s
∑

i=1

s
∑

j=1

2s+i
(

(U4·n·i+4·n, ω · Γ4·n·s−4·n) · (G4·n·i · G4·n·s) · (e − x4·n·s+1)
j
)

⊆

∞
∑

s=1

s
∑

j=1

s
∑

i=1

2s+i
(

Γ4·n·s−4·n+1) · G4·n·s) · (e − x4·n·s+1)
j
)

⊆

∞
∑

s=1

s
∑

j=1

24·s
(

Γn·4·s−n · G4·n·s · (e − x4·n·s+1)
j
)

⊆

∞
∑

s=1

s
∑

j=1

24·s
(

Γn·4·s−4·n · Gn·4·s · (e − xn·4·s+1)
j
)

⊆

∞
∑

t=1

t
∑

j=1

2t
(

Γn·t−n · Gn·t · (e − xn·t+1)
j
)

= Wn, ω.

5.6.5.6. Similarly

∞
∑

s=1

s
∑

i=1

s
∑

j=1

2s+i
(

(Γ4·n·s−4·n · U4·n·i+4·n, ω) · (G4·n·s · G4·n·i) · (e − x4·n·s+1)
j
)

⊆ Wn, ω

5.6.5.7. Since Γi · Γj ⊆ Γi+1 and Γj · Γi ⊆ Γi+1 and Gj · Gi = Gi · Gj ⊆ Gi for
i > j then taking into account the relation

s
∑

j=1

(e − x4·n·s+1)
j ∈ 2s+1G4·s+1 ⊆ 2iG4·i

for s 6 i − 1 obtain

∞
∑

s=1

s
∑

j=1

s−1
∑

t=1

t
∑

i=1

2s+t
(

(Γ4·n·s−4·n · Γ4·n·t−4·n)×

(

G4·n·s · G4·n·t · (e − x4·n·t+1)
i
)

· (e − x4·n·s+1)
j
)

⊆
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∞
∑

s=1

s
∑

j=1

s−1
∑

t=1

2s+t
(

Γ4·n·s−4·n+1 ·
(

G4·n·s · (2
sG4·n·s)

)

· (e − x4·n·s+1)
j
)

⊆

∞
∑

s=1

s
∑

j=1

(22·s+s · s)
(

Γ4·n·s−4·n+1 · G4·n·s · (e − x4·n·s+1)
j
)

⊆

∞
∑

s=1

s
∑

j=1

24·s
(

Γn·4·s−n · Gn·4·s · (e − xn·4·s+1)
j
)

⊆

∞
∑

l=1

l
∑

j=1

2l
(

Γn·l−n · Gn·l · (e − xn·l+1)
j
)

= Wn, ω.

5.6.5.8. Similarly

∞
∑

t=1

t
∑

j=1

t−1
∑

s=1

s
∑

i=1

2s+t
(

(Γ4·n·s−4·n · Γ4·n·t−4·n)×

(

G4·n·s · (e − x4·n·s+1)
j · G4·n·t

)

· (e − x4·n·t+1)
i
)

⊆ Wn,ω

and

5.6.5.9.

∞
∑

t=1

t
∑

j=1

t
∑

i=1

2t+t
(

(Γ4·n·t−4·n · Γ4·n·t−4·n) · (G4·n·t · G4·n·t) · (e − x4·n·t+1)
j+i

)

=

∞
∑

t=1

2·t
∑

k=1

∑

i+j=k

22·t
(

Γ4·n·t−4·n+1 · G4·n·t · (e − x4·n·t+1)
j+i

)

=

∞
∑

t=1

2·t
∑

k=1

(22·t · k)
(

Γ4·n·t−4·n+1 · G4·n·t · (e − x4·n·t+1)
k
)

=

∞
∑

t=1

2·t
∑

k=1

(22·t · 2t)
(

Γ4·n·t−4·n+1 · G4·n·t · (e − x4·n·t+1)
k
)

⊆

∞
∑

t=1

4·t
∑

k=1

(24·t · 2t)
(

Γn·4·t−n · Gn·4·t · (e − xn·4·t+1)
k
)

⊆

∞
∑

l=1

l
∑

k=1

2l
(

Γn·l−n · Gn·l · (e − xn·l+1)
k
)

= Wn, ω.

Hence by the inclusions obtained in the items 5.6.5.1 – 5.6.5.9 and the equality
obtained in 5.6.5, applying 4 times the inclusion obtained in the item 5.5.4 obtain
that

W64·n, ω · W64·n, ω ⊆ 9W16·n, ω ⊆ 16W16·n, ω ⊆
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8W8·n, ω ⊆ 4W4·n, ω ⊆ 2W2·n, ω ⊆ Wn, ω

for every n ∈ N and ω ∈ Ω, i.e. the assertion BN5 of Theorem 1.2.5 from [2] holds
for the set {Wk, ω | ω ∈ Ω, k = 1, 2, . . .}.

5.6.6. Let now r̂ ∈ R̂ and Wk, ω ∈ B̂. Then there exists n ∈ N, and {ri, . . . , rn} ⊆

R and {ui, . . . , un} ⊆
∞
⋃

j=1

Gj such that r̂ =
n
∑

i=1

ri · ui. Since R̂ =
∞
⋃

j=1

Γj then

there exists a natural m > n and m > k + 1 such that {r1, . . . , rn} ⊆ Γm and
{u1, . . . , un} ⊆ Gm. Then

r̂ =

n
∑

l=1

rl · ul ∈ n(Γm · Gm) ⊆ 2m(Γm · Gm),

and hence

r̂ · Wm·k, ω ⊆
(

2m(Γm · Gm)
)

·
(

∞
∑

i=1

2i
(

Um·k·i+m·k, ω · Gm·k·i)
)

+

∞
∑

s=1

s
∑

j=1

(2m · 2s)
(

Γm·k·s−m·k · Gm·k·s · (e − xm·k·s+1)
j
)

)

⊆

∞
∑

i=1

2i+m(Γm · Um·k·i+m·k, ω) · (Gm · Gm·k·i)+

∞
∑

s=1

s
∑

j=1

2m+s
(

(Γm · Γm·k·s−m·k) · (Gm · Gk·m·s) · (e − xm·k·s+1)
j
)

⊆

∞
∑

i=1

2i+m(Um·k·i+m·k−1, ω · Gm·k·i)+

∞
∑

s=1

s
∑

j=1

2m+s
(

Γm·k·s−m·k+1 · Gk·m·s · (e − xj
m·k·s+1

)
)

⊆

∞
∑

i=1

2i·m(Uk·i·m+k, ω · Gk·i·m) +

∞
∑

s=1

s
∑

j=1

2m·s
(

Γk·s·m−k · Gk·s·m · (e − xk·s·m+1)
j
)

⊆

∞
∑

l=1

2l(Uk·l+k, ω · Gk·l) +

∞
∑

l=1

l
∑

j=1

2l
(

Γk·l−k · Gk·l · (e − xk·l)
j
)

= Wk, ω.

Similarly Wk·m, ω · r̂ ⊆ Wk, ω, i.e. the assertion BN6 of Theorem 1.2.5 from [2] also

holds for the set {Wi, ω | ω ∈ Ω, i = 1, 2, . . .} and hence the set B̂ = {Wi, ω |
ω ∈ Ω, i = 1, 2, . . .} is a basis of neighbourhoods of zero in some (not necessarily
Hausdorff) ring topology τ̂ on R̂.
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5.7. Prove the topology τ̂ is Hausdorff. To do that, by Theorem 1.3.2 from [2]
is sufficient to check that

⋂

k∈N,ω∈Ω

Wk, ω = {0}.

5.7.1. Let 0 6= r̂ ∈ R̂. Then there exists n ∈ N, and {ri, . . . , rn} ⊆ R and

{ui, . . . , un} ⊆
∞
⋃

j=1

Gj such that ri 6= 0 for 1 6 i 6 n and r̂ =
n
∑

i=1

ri · ui.

5.7.2. Let m be such a natural that {ui, . . . , un} ⊆ Gm. Define the mapping

ξ :
∞
⋃

j=1

Gj → Gm as follows:

if u ∈
∞
⋃

j=1

Gj then there exists the only pair of elements v ∈ Gm and u′ ∈
∞
⋃

j=1

Gj

such that u = v · u′ and the notation of the element u′ does not contain variables x̂i

where i 6 m. Then write ξ(u) = v.

5.7.3. Since (R̂, +) can be considered to be a free R-module freely generated by

the set
∞
⋃

j=1

Gj then the mapping ξ can be extended to the R-module homomorphism

ξ̂ : R̂ → R̂. Then ξ̂(u) = u for every u ∈ Gm and hence

5.7.4. ξ̂(r̂) = r̂ and ξ̂
(

Gk · (1 − xk+1)
j
)

= {0} for every k > m and j 6 k.

Since the topological ring (R, τ) is Hausdorff then there exists ω0 ∈ Ω such that
{ri, . . . , rn}

⋂

Vω0 = ∅. Let {Ui, ω0 | i = 1, 2, . . .} be a sequence neighbourhoods of
zero in (R, τ) from B mentioned in 5.3 and Wm, ω0 be neighbourhoods of zero in
(R̂, τ̂) constructed according to 5.6 for the sequence {Ui, ω0 | i = 1, 2, . . .}. Prove
that r̂ /∈ Wm,ω0 .

Suppose the contrary, i.e. r̂ ∈ Wm, ω0. Then since m · s > m for every s ∈ N

then taking into account 5.7.4 we get
n
∑

i=1

ri · ui = r̂ = ξ̂(r̂) ∈ ξ̂(Wm, ω0) =

ξ̂
(

∞
∑

i=1

2i(Um·i+m, ω0 · Gi) +

∞
∑

s=1

s
∑

j=1

2s
(

Γm·s−m · Gs · (e − xm·s+1)
j
)

)

=

∞
∑

i=1

2i
(

Um·i+m, ω0 · ξ̂(Gi)
)

+

∞
∑

s=1

s
∑

j=1

2s
(

Γm·s−m · ξ̂
(

Gm·s · (e − xm·s+1)
j
)

)

=

∞
∑

i=1

2i
(

Um·i+m, ω0 · ξ̂(Gi)
)

+ 0 =
∞
∑

i=1

2i
(

Um·i+m, ω0 · ξ̂(Gi)
)

.

Then by 5.3.3., 5.3.1. and Proposition 3 obtain

rk ∈
∞
∑

i=1

2iUm·i+m, ω0 ⊆
∞

∑

i=1

Um·i+m−1, ω0 ⊆
∞
∑

i=1

Ui, ω0 ⊆ U1, ω0 ⊆ Vω0 .
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This is a contradiction with the choice of the neighbourhood Vω0, hence r̂ /∈ Wm, ω0 .
Since r̂ ∈ R̂ is assumed to be an arbitrary element then

⋂

k∈N, ω∈Ω

Wk, ω = {0}, i.e.

the topology τ̂ is Hausdorff.

5.8. Check that τ̂ |R= τ , i.e. the topological ring (R, τ) is a subring of the
topological ring (R̂, τ̂ ).

Let Wn, ω ∈ B̂. Since in according to the item 5.5. {e} ∈ Gn, then

U2·n, ω = R
⋂

(Un+n, ω · Gn) ⊆ R
⋂

(

∞
∑

i=1

2i(Un·i+n, ω · Gn·i)+

∞
∑

s=1

s
∑

j=1

2s
(

Γn·s−n · Gn·s · (e − xn·s+1)
j
)

)

= R
⋂

Wn, ω

for every ω ∈ Ω and n ∈ N. Since Un, ω is a neighbourhood of zero in (R, τ) then
τ̂ |R6 τ .

Let now Vω0 ∈ B (see 5.1) and let {Ui, ω0 | i = 1, 2, . . .} be a sequence neighbour-
hoods of zero from B mentioned in 5.3. Prove that R

⋂

W1, ω0 ⊆ Vω0 .

Since (R̂,+) is a free R-module freely generated by the set
∞
⋃

i=1

Gi then the map-

ping η :
∞
⋃

i=1

Gi → {e} is extended to the R-module homomorphism η̂ : R̂ → R. Then

η̂(r) = r for every r ∈ R and η̂(Gt · (e− xt+1)
j) = 0 for every j 6 t, and taking into

account items 5.3.3, 5.3.1 and Proposition 3 obtain

R
⋂

W1, ω0 = η̂
(

R
⋂

W1, ω0

)

=

R
⋂

η̂
(

∞
∑

i=1

2i(Ui+1, ω0 · Gi) +

∞
∑

s=1

s
∑

j=1

2s
(

Γs−1 · Gs · (e − xs+1)
j
)

)

=

∞
∑

i=1

2i(Ui+1, ω0 · η̂(Gi)) +
∞
∑

s=1

s
∑

j=1

2s
(

Γs−1 · η̂(Gs · (e − xs+1)
j)

)

=

∞
∑

i=1

2iUi+1, ω0 ⊆
∞
∑

i=1

Ui, ω0 ⊆ Vω0 .

Since W1,ω0 is a zero neighbourhood in (R̂, τ̂) then τ̂ |R> τ and therefore τ̂ |R= τ .
To complete the proof of Theorem it is sufficient to prove that the ring R̂ is

ρ-radical.

5.9. Since e − xn+1 ∈ Γ0 · Gn · (e − xn+1) = Γn−n · Gn · (e − xn+1) then

e − xn+1 ∈
∞
∑

i=1

2i(Un·i+n, ω · Gn·i) +

∞
∑

s=1

s
∑

j=1

2s
(

Γn·s−n · Gn·s · (e − xn·s+1)
j
)

= Wn, ω
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for every n ∈ N and ω ∈ Ω and hence e = lim
n→∞

x̂n in the topological ring (R̂, τ̂).

Take a natural n > 2. Write În for the ideal R̂ generated by the element x̂n.
Since x̂n

n = 0 and the element x̂n commutes with every r̂ ∈ R̂ and each other, then

În
n = {0}. Hence

∞
∑

i=2

În ⊆ ρ(R̂). Since ρ(R̂) is a closed ideal in (R̂, τ̂ ), then by the

item 5.9 e = lim
n→∞

x̂n ∈ ρ(R̂), and since e is the identity in the ring R̂ then R̂ = ρ(R̂).

Theorem is proved completely. �
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