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The radical theory of topological rings has developed similarly to the radical
theory of discrete rings. Though the presence of topology and the claim for some
ideals to be closed in it has made the matter specific. The survey [1] contains rather
complete data on radicals of topological rings.

It has been found out that all the overnilpotent radicals defined in the class of
all topological rings are rather large. So it was proved in [3] that for every minimal
overnilpotent radical defined in the class of all topological rings there exists a radical
ring with an identity, and it was proved in [4] that every topological ring is radical for
every strictly hereditary overnilpotent radical defined in the class of all topological
rings.

The last result became a reason to formulate a hypothesis that for every
overnilpotent radical defined in the class of all topological rings every topological
ring is a subring of a some radical ring (see [1], the problem 1.1.31).

The article contains a particular solution of the problem. Its main result is
the theorem asserting that for every overnilpotent radical defined in the class of all
topological rings every o-bounded locally bounded topological ring is a subring of a
radical topological ring.

Though the above mentioned result is a step to the positive solution of the
hypothesis, one gets less certain that it has the positive general solution while con-
structing the proof.

1 Remark. Write:
1.1. N for the set of all naturals;

1.2. nS for {>  a; | a; € S} where n € N and S C R and R is a ring.
i=1

2 Definition. In the article:
2.1. Every topological ring is supposed to be associative and its topology is Has-

dorff;
2.2. A radical p defined in the class IC of topological rings is said to be overnilpo-

tent if every nilpotent ring R € K is p-radical;
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2.8. A subset S of a topological ring (R, T) is said to be bounded if for every
neighbourhood V' of zero in it there exists such a neighbourhood U of zero that U-S =
{u-sluelU,se S} CVand S-U={s-uluclU,se€ S} CV.

2.4. A topological ring (R, T) is said to be locally bounded if it contains a bounded
zero neighbourhood.

2.5. A topological ring (R, T) is said to be o-bounded if R is a union of a countable
set of its bounded subsets.

3 Proposition. Let {V; | i =0,1,...} be a sequence of subsets of the ring R such

that 0 € V; and V; +V; C V;_q for everyi € N. Hence V,, + . V; C Vi and therefore
i=1

>V €.
=1

The proof can be easily done by the induction on n. ([l

4 Proposition. Every locally bounded o-bounded topological ring (R, T) is a subring

of a locally bounded o-bounded topological ring (R, T) with the identity.

Proof. Write Z for the ring of integers equipped with the discrete topology and
(R, 7) for the semidirect product of topological rings Z and (R, 7) (see the definition
4.4.2 in [2]). Then R = {(r,k) | r € R, k € Z},

(11, k1) + (r2, k2) = (r1 + 172, k1 + k2) and

(7‘1, kl)N- (7‘2, kg) = (7‘1 - T9 + kl - T9 + kg *T1, kl . kg).

Hence R is an associative ring with the identity.

Since the ring Z is discrete then R’ = {(r, 0) | » € R} is an open subring in
(R,7) and (R, 7| is topologically isomorphic to the topological ring (R, 7).

Hence (]?, 7) is a Hausdorff locally bounded o-bounded topological ring contain-
ing (R, T) as a subring. O

5 Theorem. Let p be an arbitrary overnilpotent radical defined in the class of all
topological rings. If a topological ring (R, T) is a locally bounded and o-bounded then

there exists a p-radical topological ring (R, 7) such that the topological ring (R, T) is
a subring of the topological ring (R, T).

Proof. Taking into account Proposition 4 assume R to be a ring with the
identity e.

5.1. By Theorem 1.6.46 in [2] (R,7) contains such a bounded neighbourhood
Up of zero and such a basis B = {V,, | w € Q} of symmetrical neighbourhoods of
zero that Uy is a subsemigroup of a multiplicative group of the ring R and every
neighbourhood of zero V,, € B is an ideal of the semigroup Uj.

5.2. Since a union, a sum and a product of a finite set of bounded sets are
bounded in a topological ring (see 1.6.19 and 1.6.22 in [2], then there exists a set
{I; |1 =10,1,2,...} of bounded subsets in (R, 7) such that the following assertions
hold:
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9.2.1. U(] - Fo;

5.2.2. e Iy;

5.2.3. =T, =I';, and 2FT, C ['jy1 for every k.
5.2.4. Ty - Ty CT'gyq for every k.

5.3. For every w € (2 there exists a sequence {U; , | i =1,2,...} of neighbour-
hoods of zero from B such that the following assertions hold:

5.3.1. U, w + Uy, o, CV, for every w € €;

5.3.2 I'iy1 - U1, w C U, o and Upq1, o - g1 € Uy, , for every k € N;

5.3.3. 2kUk+17 w C Uy, , for every k € N.

5.4. Let X = {x9,z3,...} be a set of variables. Consider the ring R[X] of
polynomials over the ring R with the set of variables X which commute with elements
of R and each other, i.e. z;-x; = ;- x; and r - x; = x; - r for every z;, x; € X and
r e R.

Consider the ideal I of the ring R[X] generated by the set {z! |i=2,3,...}.
Let R = R[X |/ and &) = zj + I. By identifying the element r € R with the
element 7 + I € R we may assume that R is a subring of the ring R and R is a ring
of polynomials over R of the set {Z, &3, ...} commuting with the elements of R and
each other and :i:’,z = 0 for every k > 2.

5.5. Given n € N. Write G, for a subsemigroup of the multiplicative semigroup
of the ring R generated by the set {e,&2,...,2,}. Hence e € G,, C G4+ for every
n € N and G; = {e}.

5.6. Given n € N and w € Q. Write W,, , for

Z 2i(Unvi+n, w an) + Z Z 2° (Fn-s—n . Gnvs : (6 - i‘n's-‘rl)j) .
=1

s=1 j=1

Prove the set B = Wi, w| we, k=1,2,...} is a basis of neighbourhoods of
zero of some Hausdorff ring topology 7 on R and 7 |g= 7 (i.e. the topological ring
(R, 7) is a subring of (R, 7)).

5.6.1. Since 0 € Ui, , and 0 € I';, for every k € N and w € Q then 0 € W), , for
every n and w, i.e. the assertion BN1 of Theorem 1.2.5 from [2] holds for the set
Wi, w|lwef, k=1,2,...}.

5.6.2. Since 2¢M C 2k M for every M C R such that 0 € M and naturals i and
k then

kan,w 22 Uknz—l—kn w Gk‘nz +ZZ2 Fkns kn: Gkns ( _xk-nvs+1)j) g
s=1 j=1

o n
Z 2 Un-k- atn, w nkz) + Z Z 2° (Fn-k~s—n “Grges (6 - $n-k~s+l)j) -

s=n j=1
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Z Zi(Unvi—i-n, w " Gz) + Z Z 2° (Fn-s—n “Gps - (6 - xnvs—l-l)j) = I/Vn7 w
=1

s=1 j=1
for every n, k € N and w € 2 and hence Wy, o, € W, o ()W o, i.e. the assertion
BN2 of Theorem 1.2.5 from [2] holds for the set {W , |w € Q, k=1,2,...}.

5.6.3. Since —U; o, = U;, , and —=I'; = I'; for every ¢« € N and w € ) then
Wy, w =Wy, , for every n € N and w € Q, i.e. the assertion BN3 of Theorem
1.2.5 from [2] also holds for the set {Wj, , |weQ, k=1,2,...}.

5.6.4. Since 22% > 2k = 9k 1 9F for every k € N then Won, w+Wap, o=

S 0o s
Z Zi(U2-nvi+2vn, w G2n2) + Z Z 2° (F2vn-s—2vn : G2-nvs : (6 - $2-n»s+1)j)+

i=1 s=1 j=1

0 o s
Z 22‘((]2%-72-‘1-2717 w G2nz) + Z Z 2° (F2~n-s—2~n : G2-n~s : (6 - x2~n-s+1)j) =
i=1 s=1 j=1

oo ' ' o s '
2(22 + 21)(U2vn-i+2-n, w"* G2n2) + Z 2(28 + 28) (F2vn-s—2n : G2-nvs : (e - x2vn-s+1)]) -

i=1 s=1 j=1

oo oo 25
Z 22'Z(Uv2-nvi-|-n7 w Gan) + Z Z 22'8 (F2-nvs—n : G2-nvs : (6 - x2vn-s+1)J) C
i—1 s=1 j—1

o] oo t
Z Zj(Uvn-j—l—n7 w " an) + Z Z 2! (ant—n Gt - (6 - $n-t+1)j) = I/Vn7 w
=1

t=1 j=1
for every n € N, i.e. the assertion BN4 of Theorem 1.2.5 from [2] holds for the set
{Wi, w |lwe, k=1,2,...}.

5.6.5. Since r - x; = x; -r and x; - x; = x; - ; for every » € R and 4, j € N then

00
I/V4.n7 w " VV4.n7 w = <Z 21'([]4.71.2'4_4.”7 w " G4~n-i)+
=1

Z Z 2° (F4-nvs—4-n “Games (6 - $4-nvs+1)j)> X

s=1 j=1

<Z 22‘((]4%-72-1—4-717 w* G4nz) + Z Z 28 (F4~n-s—4~n : G4-n~s : (6 - x4~n-s+1)j)) =
=1

s=1 j=1

Z Z(2Z : 2j)((U4-n~i+4~n, w '’ Ul,t-n~j-i—4-n7 w) : (G4nz : G4~n-j))+
i=1 j=1

s

Z Z Z(Zl : 28)(((]4%-2'—1—4-117 w " I‘4-nvs—4-n) : (G4n2 : G4-nvs : (e - x4vn-s+1)j))+

i=1 s=1 j=1
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s

Z Z 2(28 ’ 2i)((F4,n,s_4,n Utnivan, ) (Gans - Gan) - (€ — $4-s+1)j)+

i=1 s=1 j=1

o) S

Z Z Z 2(28 ’ 2t) ((F4-nvs—4-n : F4vn-t_4,n) X

s=1j=1 t=1 i=1

(Gans - Gana) - (€ = Tamsi1) - (€ — Tapigr)') =

(2i+j)((U4'”'i+4'"’ v Utnjtran, o) - (Gani - G4vn-j))—|-

2i+j((U4‘"'i+4'"v w Usnjyan, ) (Ganei - G4~n-j))+

oo 1—1 s

Z Z Z 2 <(U4'n'i+4'n’ w’ F4'”'5—4'”) ’ (G4nz : G4-nv8) ’ (e — l‘4vn-s+1)j) +

i=1 s=1 j=1
© s s

Z Z Z 284_2’((Ur4~n'i-i-4~n7 w '’ P4-n~s—4~n) . (G4n7, . G4~n~8) . (e — x4~n-s+1)j)+

s=11i=1 j=1

oo i—1 s

SN 2T (Cams—am  Usmeitan, w - (Games - Gani) - (€ = Tames1)?) +

i=1 s=1 j=1
o S S

Z Z Z 28+i((r4'”'5_4'” ’ U4'”'i+4'n, w) : (G4vn-s : G4n2) : (6 - l‘4vn-s+1)j)+

s=11i=1 j=1

co s s—1 t

Z Z Z Z 25t <F4vn-s—4»n : T4.n.t_4,n> X

s=1 j=1 t=1 i=1

(Gimes - Gam - (€ — Tamt+1) (e — x4vn-s+1)j))+

>

t
t=1 j=

¢
2t+t((r4'"'t_4‘" Tant—an)  (Gant - Gant) - (€ — $4.n-t+1)j+i)+

114=1

i Z Z Z 25+t <(P4~n~s—4~n Tamet—aon) X

t=1 j=1 s=1 i=1

(G4-n~s : (e - $4~n-s+1)j : G4-n~t) . (e — x4.n,t+1)i>,
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5.6.5.1. Since U;, ,-Uj o, CU;, , and G- G; = G; - Gj = G; for every i > j and
w € ) then

Z Z 2 (Ugmeitan, o Usnojran, w) - (Gami - Gamj)) C

i=1 j=1
co 1
Z Z 22‘4_j(lj4~n-i-|—4-n7 w ' G4n7,) =
i=1 j=1
[e'9) 7 o)
Z Z 2Z+j U4 ‘neit4n, w G4 ‘n- Z) = 2(22%4_1 - 2i+1)(U4'"‘i+4'"7 w’ G47”) S
] 7=1 i=1

=1

22 n4z+n w* n4z QZ nj—l—n w'Gn-j)an,w

5.6.5.2. Equalities

co j—1
Z 22” (Usnitan, w - Usnjram, w) - (Gamei - Gamej)) €
1

<.

j=21

22] U4n]+4nw G4n]) an
7=1

are obtained similarly.
5.6.5.3. Since U;, ,-I'; C U;—1, w and I';-U; o, C U;—1, » and G5-G; = Gi-G; = G
for every i > j and w € € then taking into account the equality

S
Z(e — Tansr1) € 2T Gugry € 2°Gyy
=1

which holds for every s < i — 1 obtain

oo i—1
Z Z 2i+8 : 22 ((U4-n~i+4~n, w '’ I14~n-5—4~n) : (G4nz : G4-n~s) : (e - x4~n-s+1)j) g
i=1 1

=1 s=

o0

2(23'2‘ i) (Usn-itan—1, w - Gani) CZ2 Un-titn, w - Gnasi) ©

i=1 i=1

22 n]-‘,—n w'Gn~j) :Wn,w'
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5.6.5.4. Similarly

co i—1 s

Z Z Z 2s+i((r4~n-s—4~n : U4-n~i+4~n, w) : (G4~n-s : (6 - x4-n~s+l)j : G4nz)) g Wn, w-

i=1 s=1 j=1

5.6.5.5. Since Ui7 w " Pj - Fj . Fj - Pj+1 and Pj . Ui, w - Fj . Fj - Pj+1 and
Gj-G; = Gi-Gj = G for every i < j and w € () then taking into account inequalities

S .
Z 23—1—2 < 22vs+1 < 24-3 obtain
=1

[e.9] S S

Z Z Z 2S+i((U4-nvi+4vn, w* F4vn-s—4vn) : (G4n2 : G4-nvs) : (6 - $4-nvs+1)j) -

s=1i=1 j=1
[o I} S . j
Z Z Z 2S+Z (F4.n~s—4~n+l) : G4~n-8) ' (6 B $4~n~s+1)]) =
s=1j=1 i=1
e oI i
Z Z 24.8 (Fn»4-s—n : G4vn-s : (6 - $4'”'5+1)]) <
s=1 j5=1
[ SR} j
Z Z 2473 (Fn-4vs—4-n ' Gnv4-s : (e - $n'4'5+1)]) <
s=1 j=1
oo t ;
Z Z 2t (Fn.t—n . Gn~t : (6 - xn~t+l)]) = Wn’ ws
t=1 j=1

5.6.5.6. Similarly

Z Z Z 2S+i((r4-n~s—4-n : U4-n~i+4~n, w) . (G4-n~s . G4nz) . (6 - x4~n-s+1)j) - Wn, w

s=1i=1 j=1

5.6.5.7. Since Fi . Fj g Fi+1 and Fj . FZ’ g Fi—l—l and Gj . GZ = GZ . Gj Q GZ for
1 > j then taking into account the relation

s

Z(e — Tansr1) € 2T Gugry € 2°Gyy
=1

for s <i— 1 obtain

co s s—1 t

Z Z Z Z 25t <(F4-nvs—4-n : F4-nvt—4-n) X

s=1j=1 t=1 i=1

(Ganes * Gt - (€ = Tamasn)"’) - (€ — $4-nvs+1)j> C
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s S—

1
28+t <F4vn-s—4vn+1 : (G4-nvs : (28G4vn-s)) : (6 - x4vn-s+1)j) -
1

00
s=1 j=1 t=

s

00
ZZ 22 sts. <F4n s—4-n+1° G4n .5t (6 - x4vn-s+1)J) -

s=1j=1

Z Z 24 s (Fn~4-s—n ' Gn~4-s : (6 - xn-4~s+1)J) -
s=1 j=1

oo

> 2 2T
=1 1

=1 j=

r d—n Gn-l : (6 - xn~l+1)j) = Wha, w-

)

5.6.5.8. Similarly

t—1 s

%)
Z Z Z 2S+t ( P4-n~s—4-n . P4-n~t—4~n) X

t=1 j=1 s=1 i=1

)

(G4vn-s : (6 - $4-nvs+1)j : G4vn-t) : (6 - $4-nvt+1)i) C Whw
and

oo 2+t
22(22t k) Cant—tms1 - Gamt - (€ = Tanas1)") =
t=1 k=1

oo 2t
Z Z(Qz't 2 (Capet—tntt - Ganet - (€ — Tami1)F) C
t=1 k=

oo 4t
Z Z ot 2t Lpgt—n-Grag- (6 - $n-4vt+1)k) c
t=1 k=1

Z Z 2l (Fn-l—n <G - (6 - :En-l-l-l)k) = I/Vn7 w:

=1 k=1

Hence by the inclusions obtained in the items 5.6.5.1 — 5.6.5.9 and the equality

obtained in 5.6.5, applying 4 times the inclusion obtained in the item 5.5.4 obtain
that

W64~n, w '’ VV64-n7 w & 9VV16~n, w & 16VV16-7L7 wC
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8W8vn, wC 4VV4-n7 wC 2vVZ-n7 w € Wn, w

for every n € N and w € Q, i.e. the assertion BN5 of Theorem 1.2.5 from [2] holds
for the set {Wy, o |weQ, k=1,2,...}.

5.6.6. Let now 7 € R and Wi, w € B. Then there exists n € N, and {7‘,, N

R and {uw,...,u,} C UG such that 7 = 27‘, uj. Since R = UF then
J=1 1=1

there exists a natural m > n and m > k + 1 such that {rq,...,r,} g T, and
{u1,...,un} € Gyy. Then

n

7= Zrl cup €Dy, - Gy) € 2™ (00 - G,

=1
and hence
7 Wmvk, w g (2m (Z 2 m kitmek, w Gmkz))+
c© s '
Z Z(2m : 28)(Fm~k-s—m-k . Gm-k~s : (6 - xm-kus-l—l)])) c
s=1 j=1
s .
Z 2Z+m(rm : Uvm-lvi—i—m-k7 w) : (Gm : Gmkz)+
=1
c© s '
Z Z 2m+8((rm : Fm-k~s—m~k) : (Gm : kas) : (6 - xM'k)'S-‘rl)]) c
s=1 j=1
i .
Z 2H—m(Uvm-lvi—i-m-k—l7 w " Gmkz)+
=1
© s ‘
Z Z me (Fm~k-s—m-k+1 “Gromes - (6 - xin-kvs+1)) C
s=1 j=1

o) s
Z 2va(Uk~i~m+k, w lem) + Z Z 2ms (Fk~s-m—k . Gk-s~m . (e - $k-s~m+1)J) C
] s=1 j=1

22 (Ukitk, w * Git) +ZZQ Triok - Gri- (e = zp1)’) = Wi, o
=1 j=1
Similarly Wi, o - 7 € W, o, i.e. the assertion BN6 of Theorem 1.2.5 from [2] also
holds for the set {W; ., | w € Q, i = 1,2,...} and hence the set B = {W; , |
weQ, i=1,2,...} is a basis of neighbourhoods of zero in some (not necessarily
Hausdorff) ring topology 7 on R.
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5.7. Prove the topology 7 is Hausdorff. To do that, by Theorem 1.3.2 from [2]
is sufficient to check that (| W, , = {0}.

keN,weQ
5.7.1. Let O 75 7 € R. Then there exists n € N, and {rl, ..,tn} € R and
{us, ... Un}CUG such that r; # 0 for 1 < nandr_zrl U;.
j=1 1=1

5.7.2. Let m be such a natural that {u;,...,u,} C G,,. Define the mapping

o
¢: U G — Gy, as follows:

=1

! o o

if w € |J Gj then there exists the only pair of elements v € G,, and v’ € |J G;

j=1 Jj=1

such that v = v-«’ and the notation of the element u' does not contain variables &;
where ¢ < m. Then write {(u) = v.

5.7.3. Since (R, +) can be considered to be a free R-module freely generated by

o
the set U G then the mapping £ can be extended to the R-module homomorphism
Jj=

A~

n {(u) = u for every u € G,, and hence

I:u>

£:R—

5.7.4. £(7) =+ and é(Gk (1 = ap41)") = {0} for every k > m and j < k.

Since the topological ring (R, 7) is Hausdorff then there exists wg € € such that
{ri,...,rn} Vo = 0. Let {U; o, | ¢ =1,2,...} be a sequence neighbourhoods of
zero in (R, 7) from B mentioned in 5.3 and W, ., be neighbourhoods of zero in
(R,7) constructed according to 5.6 for the sequence {U; o, | i = 1,2,...}. Prove
that 7 & Wi,wp-

Suppose the contrary, i.e. 7 € W, o Then since m - s > m for every s € N

then taking into account 5.7.4 we get Z i =7 =E(F) € EWn, wy) =
i=1

éc(Z: 2i(Um'i+m’ wo * GZ) T Z Z 2° (Pm~8—m -G - (e - xm-s-i—l)j)) =
i=1

s=1 j=1

ZZZ m-i+m, wo é +ZZ2S< m-s—m 5( ms'( xm-s—l—l)j)):

s=1 j=1

22 mz-i-m wo é(GZ)) +0= Zzi(UmHm, wo é(GZ))

i=1
Then by 5.3.3., 5.3.1. and Proposition 3 obtain

00 [es) [eS)
TR € ZzzUm-i-i-m, wo C E:ljm-i-‘,-m—l7 wo C Z i, wWo C Ul wy = Vwo-

i=1 i=1
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This is a contradiction with the choice of the neighbourhood V,,,, hence # ¢ W, ;-

Since 7 € R is assumed to be an arbitrary element then () Wi, o, = {0}, i.e.
keN, weQ
the topology 7 is Hausdorff.

5.8. Check that 7 [gp= 7, i.e. the topological ring (R, 7) is a subring of the
topological ring (R, 7).
Let W, o € B. Since in according to the item 5.5. {e} € G, then

U2~n, w = Rﬂ(Un—i-n, w Gn) g Rm(z 2Z(Unz+n, w " an)+
i=1
> 2 (Cusn Gos - (€ = nsi1)?) ) = R\ Wi, o

s=1 j=1

for every w € Q and n € N. Since U, , is a neighbourhood of zero in (R, 7) then
7|lr< T

Let now V,,, € B (see 5.1) and let {U;, o, | i =1,2,...} be a sequence neighbour-
hoods of zero from B mentioned in 5.3. Prove that R(\W7, w, € Viy.

Since (R, +) is a free R-module freely generated by the set |J G; then the map-
i=1
ping 7 : |J Gi — {e} is extended to the R-module homomorphism 7 : R — R. Then
i=1
fi(r) = r for every r € R and (Gy - (e — x441)?) = 0 for every j < t, and taking into
account items 5.3.3, 5.3.1 and Proposition 3 obtain

ROAWL, wo = N(R[ VW1, wy) =

R(7 (Zz Ust1, o Gi) + DD 2 (Do Gy (e = wo1)) ) =
s=1 j=1
22 z—l—l wo 77 +ZZQ s—1" 77 (e_$s+1)j)):
s=1j=1

[ [
2:2Z[]2'—|-17 wo Z i, wWo C Vwo
=1 =1

Since W1, is a zero neighbourhood in (R, 7) then 7 |g> 7 and therefore 7 |p= 7
To complete the proof of Theorem it is sufficient to prove that the ring R is
p-radical.

5.9. Since e — xy,41 €T - Gy - (6 — Tpt1) =T - G - (€ — Tp41) then

0o s
€ —Tpytl € 22 nz—l—n w nz) + ZZ 2° (Fn-s—n : Gnvs : (6 - xnvs—l-l)j) = I/Vn7 w

s=1 j=1
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for every n € N and w € © and hence e = lim Z,, in the topological ring (R, 7).
n—oo

Take a natural n > 2. Write I,, for the ideal R generated by the element Z,,.
Since Z] = 0 and the element Z,, commutes with every # € R and each other, then

I = {0}. Hence 3. I,, C p(R). Since p(R) is a closed ideal in (R, ), then by the
i=2
item 5.9 ¢ = lim &, € p(R), and since e is the identity in the ring R then R = p(R).

Theorem is proved completely. O
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