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The following isomorphism theorem is often used in algebra:

If R is a group (a ring), I its normal subgroup (ideal) and A is a subgroup
(subring) in R, then the groups (rings) A/(AN1I) and (A + I)/I are isomorphic.

The similar theorem is not valid for topological groups (topological rings), but
the following one is:

If (R, 7) is a topological group (topological ring), ! I is a normal subgroup (ideal)
in R and A is a subgroup (subring) in R then the canonical isomorphism which maps
the topological group (topological ring) (A, 7 |4)/(AN1I) to the topological group
(topological ring) (A + I, 7|a+r1)/I is continuous.

It follows from Theorem 1 that the assertion on the continuity of the canonical
isomorphism has no generalization.

The case when A is a normal subgroup in the group R, respectively, ideal in the
ring R is often considered in the theory of group and the theory of rings, especially
in the radical theory of groups and rings. The canonical isomorphism possesses
additional properties in this case. The notion of the semitopological isomorphism of
topological groups is introduced in the article for their study (see Definition 2).

The notion of semitopological isomorphism and the study of its properties for
topological rings were given in [1].

The semitopological isomorphism can be considered not only in the class of
all topological groups but also in its subclasses, (in particular, for the class of all
Hausdorff topological groups and other classes).

Theorem 4 is a criterion for a continuous isomorphism to be semitopological and
is the main result of the article. It is proved that the property of an isomorphism to
be semitopological is kept by operations of taking subgroups (Theorem 7), quotient
groups (Theorem 8) and direct products (Theorem 9).

1 Theorem. If ¢ : (G, 7) — (G, T) is a continuous isomorphism of topological

groups (topological rings) (G, T) and (G, T), then there exists a topological group
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LA topological group (topological ring) is not supposed to be Hausdorff.
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16 V.I. ARNAUTOV

(topological Ting) (@, 7) 2 and a topological (i.e. open and continuous) homomor-
phism € : (@, 7) — (G, 7), such that the following assertions hold:

T |lg= 1, i.e. (G, T) is a subgroup (subring) of the topological group (topological
ring) (G, 7);

& |la=¢&, i.e. the homomorphism E 1s an extension of the isomorphism &.

Proof. Consider a topological group (topological ring) (é, 7) which is equal to the
direct product of topological groups (topological rings) (G, 7) and (G, 7).

If G = {(9, £&(9)) | g € G}, then G’ is a subgroup (subring) of the group
(ring) G.

Define a mapping &' : G — G’ as follows: &'(g) = (g, £(g))-

Prove that £ : (G, 7) — (G', T |¢) is a topological isomorphism of topological
groups (topological rings).

Indeed, since ¢ : G — G is an isomorphism, then so is £’

If U is an arbitrary neighbourhood of the identity (zero) in (G', T |g), then
there exist neighbourhoods of the identities (zeroes) V and V in topological groups
(topological rings) (G, 7) and (G, 7) respectively such that {(g, §) |g €V, g€
ViNnG CU. Since ¢ : (G, ) — (G, 7) is a continuous isomorphism then there
exists a neighbourhood of the identity (zero) V; in (G, 7) such that V3 C V and
¢(V) C V. Hence

EVi)={(9, €(9)geVi} S{(9, 9) lgeV, geV}InG CU,

and therefore &' : (G, 7) — (G, T¢r) is a continuous isomorphism.

If now V is an arbitrary neighbourhood of the identity (zero) in (G, 7) then
W =1{(g9, 9) | g €V, ge& G} is aneighbourhood of the identity (zero) in (é, ),
and hence W N G’ is a neighbourhood of the identity (zero) in (G’, 7 |g/). Since

EWV)=A{(g, €(9)) lgeV}I2WnE,

then ¢'(V) is a neighbourhood of the identity (zero) in (G', 7 |¢/). Hence & :
(G, 7) — (G', T¢r) is proved to be an open isomorphism and therefore ¢’ is a
topological isomorphism.

When identifying the element g € G with the element (g, £(g)) € G’ we obtain
that the topological group (topological ring) (G, 7) is a subgroup (subring) of the
topological group (topological ring) (CA?, 7) and £(g) = {(g, 5(9)).

It remains to prove that there exists a topological homomorphism ¢ : (@, T) —
(G, T) which is an extension of the isomorphism &.

Define a mapping & : (é, 7) — (G, 7) as follows: E(g, g) = g. Then it is a
topological homomorphism.

Since E (9, £(9)) = &(g) then é’\ is a topological homomorphism extending the
isomorphism &, that completes the proof. O

2Tt is clear that if the topological group (topological ring) (G, 7) is Hausdorff then so is (G, 7).
In this case without loss of generality (G, 7) is also assumed to be so, otherwise (G, 7) is replaced
by (G, 7)/1, where I = [{e}] g »-
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2 Definition. A continuous isomorphism ¢ : (G, 7) — (G, T) of topologzcal groups
1s said to be a semitopological isomorphism if there exists a topologzcal group (G T)
and a topological (i.e. open and continuous) homomorphism ¢ (G, 7) — (G, 7)
such that the following assertions hold:

G is a normal subgroup in the group @;

T lg=T, i.e (G, T) is a subgroup of the topological group (é, T);

§|G: &, i.e. the homomorphism E 1s an extension of the isomorphism &.

3 Proposition. Let (G, 7) and (G, T) be topological groups and € : (G, 7) — (G, T)
be a semitopological isomorphism. If (é, T) is a topological group and E a topological
homomorphism mentioned in Definition 2, then the following assertions hold:

1) GNkeré = {e};

2) for every g € G there exist the only pair of elements g € G and b € ker§ such
that g = g - b;

3)c-h-ct =h for everycekerganthG.

Proof. Since ¢ is an isomorphism and & |c= ¢ then ker ENG =ker¢ = {e}, that
proves the assertion 1. R
2) Let g € G and g = £(g) € G. Since ¢ : G — @ is a bijection then there exists
the only element g € G such that £(g) = g. Consider the element b = g~!-g. Hence
g-b=gand
ED)=&g ) =¢Eg) @ =9"g="¢
ie. be kerg. That completes the proof of the assertion 2.

3) Let ¢ € ker Eand h € G. Since G is a normal subgroup of G then cg-cled.
Hence

~ ~ o~

Ee-h-cY=E&c-h-c)=Ec)-&h)-E(c ) =2 -E(h)-e=E(h) = &(h).

Since ¢ is an isomorphism then ¢ - h - ¢! = h, that completes the proof of the
proposition. O

4 Theorem. If ¢ : (G, 7) — (G, T) is a continuous isomorphism of topological
groups (G, 7) and (G, T), then the isomorphism & is semitopological iff the following
two conditions hold:

1. For every neighbourhood Vjy of the identity of the topological group (G, T) there
exist neighbourhoods V1 and Vi of the identity in (G, T) and (G, T), respectively,
such that v- Vi -v=t C Vg for every v € £1(V1);

2. For every neighbourhood Vi of the identity in the topological group (G, T) and
every element g € G there exists a neighbourhood V1 of the identity in (G, T) such
that g-v-g~' - vt € Vg for every v € £~1(V1).

3Tt is clear that if the topological group (topological ring) (G, 7) is HausdorfF then so is (G, 7).
In this case without loss of generality (G T) is also assumed to be so, otherwise (G T) is replaced
by (G, 7)/I, where I = et »
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Proof. The necessity.

1. Let (G, 7) be a topological group and € : (G, 7) — (G, 7) be the topolo-
gical homomorphism, mentioned in Definition 2. Since (G, 7) is a subgroup of the
topological group (é 7) then there exists a neighbourhood ‘70 of the identity in the
topological group (G, 7) such that Vy = GN V. Since (G, 7)is a 1 topological group
then there exists a neighbourhood of the identity V1 such that V1 V1 V1 1 c Vo
Hence V; = S(V) is a neighbourhood of the identity in (G, 7) and V; = VinGis a
neighbourhood of the identity in (G, 7).

Check that the assertion 1 holds for the neighbourhood Vi of the identity in
(G, 7) and neighbourhood V; of the identity in (G 7).

Indeed, if v is an arbitrary element from £~1(V;) = - & (5( 1)) € & (5( 1)) =
‘71 -kerg, then there exist elements g € ‘71 and b € kerf such that v =g - b. Hence
we obtain taking into account the assertion 3 of Proposition 3 that for every element
g € £ Y(V1) C G holds the equality

vog-vl=G-0)-g-G-b ' =G-0-g-b7H) -G =
?7‘9‘@_16‘71"/1"71_1§‘71"71"71_1§‘70-

Except that, since G is a normal subgroup in G then v- g-vlev-G-v7' CGand
therefore v - g-v~! € V5N G = V;. So the assertion 1 holds since elements g and v
are supposed to be arbitrary elements.

2. Suppose Vj to be an arbitrary neighbourhood of the > identity in the group
(G, 7) and g € G. If (G, 7) is a topological group and ¢ (G, 7) = (G, 7)
is a topological homomorphism mentioned in the definition 2 then there exists a
neighbourhood ‘70 of the identity in the topological group (é 7) such that Vy =
GnN Vo Since (G T)isa topological group then there exists a neighbourhood of the
identity V4 in (G, 7) such that g- V4 - g~ - V1 C Vp and since & : (G, 7)— (G, 7)
is a topological homomorphism then V; = & ( ) is a neighbourhood of the identity

n (G, 7).

Prove that the assertion 2 holds for the neighbourhood of the identity V.

Indeed, let v € £71(Vy) C & (5( ) = Vi - ker£. Then there exist elements
geE ‘71 and b € kerg such that v = g - b. We get, taking into account the assertion 3
of the Proposition 3, that

gvg =g @) g G =g g b g =
99 glegVi-g VT
Sinceg-v'g_l-v_lGGtheng'v-g_l'v_lEGFHA/O:VO.

The necessity is completely proved.

The sufficiency.
Let (G, 7) and (G, 7) be topological groups and ¢ : (G, 7) — (G, 7) be a
continuous isomorphism satisfying the assertions 1 and 2.
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Write G for the direct product of groups G and G, i.e.

={(9,9) 1g€G, g€ G}. Define a basis of neighbourhoods of the identity B
on G as follows: write B and B for the sets of all neighbourhoods of the identity in
topological groups (G, ) and (G, 7) respectively. Consider the set B = {W(V, V) |
V € B, V € B} of subsets W(V, V) = {(g ¢ Y9), §) | g€V, ge (V)} of the
group G.

Check the set B to be a basis of a certain filter satisfying the assertions (GVr),
(GVi1), (GVirp) ( see [2], p. 14, proposition 1) i.e. that the set B is a basis of
neighbourhoods of zero in a certain group topology 7 on G.

Since (e, €) = (e- 5_1(6), €) € W(V, V) for every V € B and V € B, then
W(V, V)#0, ic. 0 ¢ B. Except that if V, U € B and V, UcBthen VNU € B,
VNU eBand W(VNU, VNT) C W(V, V)NW (U, U). Hence the set B is a basis
of a certain filter.

Let W(Vi, V1) € B. Since (G, 7) and (G, 7) are topological groups then there
exists Vo € B and Vy € B such that V5V, C V; and Vy- Vo C V4. By the assertion
1 there exists V3 € B and V3 € B, such that v-V3-v~! C Vj, for every element
v e &71(V3). Without loss of generality, assume that V3 C V5 and V3 C V.

Prove that W (V3, V3) - W(V3, V3) C W(V4, V).

Indeed, let (a-{ (@), ) € W(Vz, V3) and (b 1), ) € W(V3, V3). Hence:

(a-€7'@), @) (b-£71D), B) = (a-€ @) - b-£71(b), a-b),
where @-b € Vs -V3 CVy-Vy CVy and
a-&@) b 0 =a @) b (€N @) @ D) =

a (€7@ b-&7M(@) ) €@ b) € Vs Ve €M (@) b)) S Vi€ (ab).
Therefore (a-&7'(a), @) - (b-&71(b), b) € W(Vi, Vy). Since (a-£7'(a), @) and
(b-&71(b), b) are arbitrary elements then W (V5, V3)- W (V5, V3) C W(V4, V1),
i.e. the assertion (GV7) is satisfied.

Let W(V4, V1) € B. By the assertion 1 there exists Vo € B and Vy € B such
that v-Va-v~1 C V] for every v € €~1(V3). Since (G, 7) and (G, 7) are topological

groups then there exist V3 € B and V3 € B such that V3_1 C V5 and V; ! CViNV,.
Prove that (W (Vs, 73))_1 CW(vy, V).
Indeed if (bf 1), b) € W(Vng) then (b-£71(b), )_1 = (1)o7t 5_1)

and b €V3 C V. Since ¢ )Ef (3)§§ 1(Vy) and b~ € V' C Vg
then

€1 p = () T e D) (671 E) T =
G I R R (e () e R e (S =R ARl ()

Hence (b-£71(B), )" € W(Vi, V).
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Since (b-£71(b), b) is an arbitrary element then
(W(Vs, V3)) ™" S WV, V1),

i.e. the assertion (G'Viy) is satisfied.

Let W(V4, V1) € Band (g, 9) € G.

Since (G, 7) and (G, T) are topological groups and ¢ is an isomorphism, then
there exists Vo € B and Vy € Bsuch that G-V, -5~ ! C V. and

(g-Vo-g ') Voo (5_1@_1) Vo (5_1@_1))_1> c V.

By the condition 2 for the neighbourhood V5 € B and elements g and £~1(g~!) €
G there exists a neighbourhood V3 € B such that ¢ - h - g_lﬁ_l € Vo and

g h- (€M) TR eV

for every element h € £71(V3). Without loss of generality assume V4 t o V3 C Vs
Prove that B B
(97 g) : W(V27 V3) ' (97 g)_l - W(Via Vl)

Indeed, if (v-£71(v), ) € W(Va, V3), then v € V5 and T € V3. Hence
(97 g) ' (U ’6_1(5)7 6) ' (97 g)_l = (gv '6_1(6) 'g_la g-v-g ) =
@) T ) (g T =

S
Q

(9-Varg™) Ve (€M@ €@ €7 0) @) T €)=
(9-Varg™) Vo (€7'@) (€757 (- 67'@) - (€@ €M)
(9-Vorgh) Vo (€719 V- €7@ ) SV
since £71(7) € £€71(V3) (see the definition of the neighbourhood V3). Hence

(9:9) (0@, ) (9. 9" =
(gv-e@ g7 (€G- g7 (€M@ v5h), g-0-57") eW (W, V).
Since (v - ¢~1(v), ¥) is an arbitrary element then

(97 g) : W(V27 V?}) : (97 g)_l C W(‘/h Vl)a
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i.e. the assertion (GV7r) holds.

Therefore the set B is a basis of neighbourhoods of the identity in a certain group
topology 7 on the group G. Prove that the topological group (@, 7) is the desired
one.

One can casily see that G = {(g, ) | g € G} is a normal subgroup in G and,
since W(V, V)NG' = {(g, €) | g € V}, then the mapping ¢ : (G, 7) — (G', T |&)
which puts in correspondence the element (g, €) € G’ to the element g € G is a
topological isomorphism.

Identify the topological group (G, 7) with a subgroup (G, 7|g) of a topological
group (CA?, 7) with respect to the mapping &’

Note that G’ is a normal subgroup in G. Hence taking into account the identifica-
tion given above we get that (g, €) = {(g) and hence the homomorphism E :G—G
putting (g, §) in correspondence to £(g) is an extension of the isomorphism . It
remains to check only the homomorphism E : (@, 7) — (G, 7T) to be topological, i.e.
to be continuous and open.

Let V € B. Since (G, 7) is a topological group then there exists a neighbourhood
V1 € Bsuchthat V1-V; C V. Since ¢ : (G, 7) — (G, T) is a continuous isomorphism
then there exists a neighbourhood V; € B, such that {(V;) C V1. Hence
WA, Vi) ={(g-¢'@), 9) lgeVi, geVi} =
{£(9-¢€'@) |gen, geVi}=
{€@)-9)lgeVi,geVit=£V) - ViCVi-ViCV,

and hence £ : (G, 7) — (G, 7) is a continuous homomorphism.
Since

~

EWWV, V) ={(9-€'). 9) lgeV, geV}=

(€(g-€'@) lgeV, ge VI {le)-9)|geV}=V

~

for every neighbourhood V' € B then E : (é, 7) — (G, 7) is an open homomorphism,
that completes the proof of Theorem. O

5 Corollary. Let (G, T) be a group equipped with the discrete topology, (G, T)
be a topological group and & : (G, 7) — (G, T) be a continuous isomorphism.
The isomorphism £ is semitopological iff for every element g € G there exists a
neighbourhood V' of the identity in (G, T) such that g - (£1()) = (£71(v)) - g for
everyv € V.

Proof. Necessity. Indeed, since the topology 7 is discrete, then Vy = {e} is a
neighbourhood of the identity in (G, 7). If V1 is a neighbourhood of the identity in
(G, 7) such that its elements satisfy the condition 2 of Theorem 4 for the element g €
G and neighbourhood of the identity Vp in (G, 7), then g-¢~1(0)-(671(@))L-g7! =e
for every element T € V, which is equivalent to the assertion g-&~1(7) = ¢ 1(v) - g
for every element 7 € V.
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Sufficiency. Let V be an arbitrary neighbourhood of the identity in (G, 7). Since
{e} a neighbourhood of the identity in (G, 7) and £71(g)-e- (671g) "t =e eV for
every element g € G then the condition 1 of Theorem 4 holds.

Except that since for every element g € G there exists a neighbourhood V;
of the identity in (G, 7) such that g - &~ 1(v) = £€~1(v) - g for every © € V; then
g- &) g7 (€71(9))"t = e € V for every ¥ € V;. Hence the condition 2 Theorem
4 holds. ]

6 Corollary. Let G and G be groups and f : G — G be a certain group isomorphism.
If {7y| v € T'} and {7y| v € '} are such families of group topologies on G and
G, respectively, that for every v € T the isomorphism f : (G, Ty) — (G, 7,) is
semitopological where T = sup{ty| v € I'} and T = sup{7,| v € '}, then so is the
isomorphism f : (G, 7) — (G, 7).

The corollary follows from Theorem 4 and from the outlook of neighbourhoods
of the identity in sup{ry| v € I'} (see 1.2.22 in [3]).

7 Theorem. Let (G, 7), (G, T) be topological groups and & : (G, 7) — (G, T) be a
semitopological isomorphism. If A is a subgroup of the group G and A = £(A), then
€ la: (A, 7]a) = (A, Tlg) is a semitopological isomorphism.

Proof. If U is a neighbourhood of the identity in (A, 7 |4) then U = V N A for
a certain neighbourhood V' of the identity in (G, 7). Since ¢ : (G, 7) — (G, 7)
is a semitopological isomorphism then there exist neighbourhoods V and V; of the
identity in (G, 7) and (G, 7) respectively such that v - Vi -v~! C V for every
element v € £71(V). Hence (V4 N A) and ANV are neighbourhoods of identities in
(A, 7]a) and (A4, T |5) respectively. Note that since £ : G — G is an isomorphism,
then ¢71(A) = ¢71(£(A)) = A and hence v- (Vi NA)-v ! CVNA=U for
every v € 5_1(Z N V). It means that the assertion 1 of Theorem 4 holds for the
isomorphism § |4: (4, 7 |a) — (A, T |5)-

Let ¢ € A and U be a neighbourhood of the identity in (A, 7 |4). Hence
U = VN A for a certain neighbourhood V' of the identity in (G, 7). Since ¢ :
(G, 7) — (G, T) is a semitopological isomorphism then for a neighbourhood V of
the identity in topological group (G, 7) and for the element g € A C G there exists
a neighbourhood V1 of the identity in (G, 7) such that g-v-g~t-v=! € V for every
ve (V). Since £71(A) = ¢1(¢(A) =Atheng-v-gt-v e VNA=U for
every v € £71(V1 N A), i.e. the assertion 2 of Theorem 4 holds for the isomorphism
Ela: (A, 7]a) = (A, T|g) . Hence & |a: (4, 7]a) — (A4, T |5) is a semitopological
isomorphism. O

8 Theorem. Let (G, 7) and (G, T) be topological groups and ¢ : (G, 7) — (G, T)
be a semitopological isomorphism. If A is a normal subgroup of the group G and

§ —

SN G

| |7

G/A —5 . Gle(a)
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where:

n: G — G/A is the canonical homomorphism (i.e. n(g) =g - A);

7 G — G/(&(A)) is the canonical homomorphism (i.e. n(g) =9-£(A));

¢: G/A — G/(£(A)) is the canonical isomorphism (i.e. (g - A) £(g)-€(A)).
Hence & : (G, 7)/A — (G, T)/(£(A)) is a semitopological isomorphism.

Proof. If Vj is a neighbourhood of the identity in (G, 7)/A then Vo = n~(Vp) is
a neighbourhood of the identity in (G, 7). By the assertion 1 of Theorem 4 there
exist neighbourhoods Vi and V7 of the identity in (G, 7') and (G, 7) respectively
such that v+ V; - v~ C V; for every v € £75(V). Hence Vi = (V1) and V; =7(V1)
are neighbourhoods of the identity in (G, 7)/A and (G, 7') /&(A), respectively.

Note that 5( (5 (V1) =n(Vy) = V1. Hence if o € £~ 4% ) then there exists
an element v € £~1(V) such that n(v) = 9. Hence

0V =) (Vi) - (n(0) Tt = (o Vi o) S (Vo) = n(n~ () = Vo

Hence the assertion 1 of Theorem 4 holds for the isomorphism
£:(G, /A~ @, )/(E(A)),

_ Check the assertion 2 of Theorem 4 to hold for the isomorphism
£:(G, /A= (@, D/EA).

Let g € (G, 7)/(£(A)) and V' be a neighbourhood of the identity in (G, 7)/A.
Hence V = n~!(V) is a neighbourhood of the identity in (G, 7) and there exists
an element g € G such that g = n(g). Since the assertion 2 of Theorem 4 holds for
the homomorphism ¢ : (G, 7) — (G, 7), then there exists such a neighbourhood
V1 of the identity in (G, 7) that g-v-g~'-v™! € V for every v € £ 1(V).
Hence V; = n(Vl) is a nelghbourhood of the identity in (G, 7)/(£(A)). Note that

n(¢” (Vl)) EL@(V)) =1 (V).

Ifoe& L(V1)), then there exists an element v € £1(V) such that n(v) = 0.

Hence

G0 =) @) - (n(g) T (@) =mlg-v-gT e en(V) =V,

i.e. the assertion 2 of Theorem 4 holds for the isomorphism

£: (G, 7)/A— (G, 7)/(£(A)). The theorem is completely proved. O

9 Theorem. Let {(G, 7,) | v € T} and {(G,, T5) | v € T} be two families of
topological groups and for every y € I' there exists a semitopological isomorphism

&y (Gw Ty) — (Gw 7). If (G, T) = 11 (Gw 7,) and (G ) =11 (Gw Ty)

~er ~yel
are direct products of these families equipped with the Tychonoff topology and 5
G — G is a canonical isomorphism (i.e. & (pry(9)) = prvg( g)) for any v € T, then

{A: (@, T) — (é, T) is a semitopological isomorphism.

Proof. If V is a neighbourhood of the identity in (CA?, T), then there exists a finite
subset S C I' such that for every v € S there exists a neighbourhood V, in (G, 7,)
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such that [ pr,y_l(V«,) C V. Since for every v € I' the mapping & (Gy, Ty) —
vES

(@«,, Ty) is a Semitopo_logical isomorphism then there exist neighbourhoods V«, and

U, of the identity in (G, 7~) _and (G, T-yl, respectively such thatAUV Uy vy e vy

for every elements v, € £71(V,). Hence V = ﬂspr;l(Vy) and U = ﬂsprj/l(Uy)
iS Y€

are nelghbourhoods of the identity in (G, 7) and (é, 7T) respectively.

Ifoeé L(V) then pr, ( ) € 5_1(V7) and therefore pr, (v) - U, - (prﬁ/(ﬁ))_1 cV,
for every v € S. Hence v-U-v71 C ‘7 i.e. the condition 1 of Theorem 4 holds for
the isomorphism 5 (G, 7) — (G, 7).

Ifg e Gand Vis a nelghbourhood of the identity in (G 7), then there exists a
finite set S C I' and for every € S there exists a neighbourhood V., of the identity

in (G, 7y) such that pr;l(Vy) C V. Since for every v € T' the mapping & -
yES

(G, 7y) — (G4, T-) is a semitopological isomorphism then for the neighbourhood

V, of the identity in the topolggical group (G, T,Y)_and for the element g, = pr. (9)

there exists a neighbourhood V', of the identity in (G, 7,) such that g,-v- 9y l-v; Le

V,, for every vy € &5 1(V,). Hence V= ﬂs prv_l(vy) is a neighbourhood of the
ve

identity in (G, 7) and if 5 € £ 1(V )then vy = pr., (V) € & (pr (V) = & (pry, (V)
for any vy € S. Hence g-0-g *-9° ' € N pry, (v, C V, i.e. the assertion 2 of

vES
Theorem 4 holds for the isomorphism ¢: (G, T)— (G, 7).

Hence f ( T)— (G T) is a semltopological isomorphism. O
10 Remark. Theorem 9 remains valid if groups G = Il G, and G = [1G, are

~er ~eT
equipped not with the Tychonoff topology but with the topology of m-product (see [3],

Definition 4.1.3).

11 Remark. The following example proves that the superposition of semitopological
isomorphisms needs not to be semitopological. The topological groups mentioned in
it are not Hausdorff. An example with Hausdorff topological groups can be obtained
by an easy modification of the given one.

12 Example. Let G be a nilpotent group of index 2 (i.e. G a noncommutative
group such that its quotient group G/Z by its center Z is commutative). Consider
the following three group topologies on the group G:

To 18 the discrete topology, i.e. the set {{e}} is a basis of neighbourhoods of the
identity in (G, 70);

71 18 the topology such that the set {Z} is a basis of neighbourhoods of the identity
m (C;, Tl);

Ty is the antidiscrete topology, i.e. the set {G} is a basis of neighbourhoods of
the identity in (G, T2);

Let £ : G — G be an identity mapping. One can easily see that assertions 1 and
2 of Theorem 4 hold for the continuous isomorphisms & : (G, 19) — (G, 71) and
¢: (G, 1) — (G, 1) and hence they are semitopological.
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Prove now that the assertion 2 of Theorem 4 does mot hold for the isomorphism
¢: (G, 10) = (G, T2), i.e. it is not semitopological.

Suppose the contrary, i.e. the assertion 2 of Theorem 4 holds for the isomorphism
¢: (G, 19) — (G, 12). Since the group G is not a commutative group, then there
exist elements g, v € G such that g-v#v-g, i.e. g-v-g~ ' -v™' #£e. Then for an
element g € G and the neighbourhood {e} of the identity in (G, 79) there exists a
neighbourhood V' of the identity in (G, 3) such that g-u-g~'-u~' € {e} for every
element u € £~ Y(V). Since 1o is the antidiscrete topology then V = G and hence
we may assume the element u to be equal to v. Hence g-v-v~1-g~' € {e} that
contradicts to the choice of elements g, v € G.

13 Problem. Given a class & of topological groups (rings) and a group (ring)
G. What is the group (ring) topology T on G such that (G, 7) € K and every
semitopological homomorphism (G, T) — (H, p) is topological, where (H, p) € K
(so are known to be the topological rings with no generalized zero divisors, see [1],
Theorem 2).

14 Problem. What is the group (ring) G such that for every group (ring) topology
T on it every semitopological isomorphism (G, T7) — (H, p) is topological (so are
known to be the rings with an identity).

15 Problem. What are the continuous isomorphisms which are superpositions of
semitopological (note that they need not to be semitopological, see the example 12).

Author does not know whether every continuous isomorphism of topological
groups 1s So.

16 Problem. Let G and G be groups, f: G — G be an isomorphism, {7, | v € T'}
and {7, | v € I'} be families of group topologies on G and G respectively such that
f:(G,7y) = (G,7T) is a semitopological isomorphism for every v € I'. Write T for
inf{7, | v € I'} and 7 for inf{7,, | v € T'}. Is the isomorphism f : (G,7) — (G,T)
semitopological?
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