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Invariant conditions for the dimensions of the
GL(2, R)-orbits for one differential cubic system

E.V. Starus

Abstract. A two-dimensional system of two autonomous polynomial equations with
homogeneities of the zero and third orders is considered concerning to the group of
center-affine transformations GL(2, R). The problem of the classification of GL(2, R)-
orbit’s dimensions is solved completely for the given system with the help of Lie
algebra of operators corresponding to the GL(2, R) group, and algebra of invariants
and comitants for the indicated system is built. The theorem on invariant division
of all coefficient’s set of the considered system to nonintersecting GL(2, R)-invariant
sets is obtained.
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Consider the differential system

d
Y _y + ta® 4 3ux?y + 3vzy® + wyd, (1)

dx
— = a + px® + 3qz?y + 3ray® + sy, =

dr
where the coefficients and variables take values from the field of real numbers R.
Let A = (a,b,p,q,7,s,t,u,v,w) € E(A), where E(A) is the Euclidean space of
the coefficients of right-hand sides of the system (1).
Will denote by A(T) the point from E(A) that belongs to the system, obtained
from the system (1) with coefficients A by transformation T' € GL(2, R).

Definition 1. The set O(A) = {A(T);T € GL(2,R)} is called GL(2, R)-orbit of
the point A for the system (1).

Definition 2. Call the set M C E(A) GL(2, R)-invariant if for any point A € M
its orbit O(A) C M.

It is known (see, for instance, [1]), that
dimrO(A) = rankMy,

where M, is the matrix is constructed on the coordinate vectors of the Lie algebra
operators obtained as a result of the representation of the GL(2, R) group in the
space E(A) of the system (1).
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With the help of [1] it is possible to find that the matrix M; has the form

—a 0 2p q 0 —5 3t 2u v 0
M= -b 0 —t p—u 2q—v 3r—w 0 t 2u  3v
0 —a 3¢ 2r s 0 3u—p 20—q w—7r -—s
0 —-b O q 2r 3s —t 0 v 2w

(2)

Consider the invariants and comitants of the system (1) with respect to the group

GL(2, R), found in [2-3], which will be used further. With this purpose we rewrite
the system (1) in the tensor form according to [4]

dad , , )

o =@+’ (e By =1.2), (3)
where coefficient tensor aiﬁ is symmetrical in lower indexes, in which the com-
plete convolution takes place. Note that among the coefficients and variables of the
systems (1) and (3) there are equalities

1 1 1 1 1 1
T =T, & =a, 111 =P, Q112 = ¢, Qo2 =T, G929 = S

2 2 2 2 2 2 _
"=y, a®=b, ajy; =1, ajjy = U, A9y =V, A39y = W. (4)

Then needed by us comitants and invariants of the system (3), and, consequently,
of the system (1), take the form

_ B 5
Py = agg, P27, Py=a mxaznﬁxvznqepq, Py = apopa, so7 a0 e,
_ B . v,.6 B . 6
Pi=a aﬁ'ya(S PR ? , P5 = agsa, L
_ 4P o _ o é v _
P2 = Gyp.0 $5x7xq6pq, Py = awafwa% xhx”, por = alaley,
_ B _pq_rs _ o B Pqrs B pq, rs uv
Ji = agprp, €€°, Jo = ag,,ag,€ y Ji = ap,a5a) 5, €€ (5)
where ePi(e!l =22 =0, &2 = - =1 and gpy(e11 = €22 =0, €12 = —e91 = 1)

are unit bivectors.
Considering (4) and (5) it is easy to establish the following
Remark 1. The condition pa; = 0 for the system (1) is equivalent to the
equalities
a=b=0. (6)

Taking into account Remark 1, Theorem 1.44 and Lemma 1.44 from [1] it is easy
to obtain

Lemma 1. If po7 = 0 the rank of matriz (2) is equal to
4 fO’I” P1P2(3P1P3 - 2J1P2) 5_’3 0, or
50 Pl = 0, P2(J2P5 — J4P2) 5_'5 O;
3 fO’/“ P1P2 §é 0 3P1P3 — 2J1P2 = 0 or
P2P5 5_'5 O Pl J2P5 — J4P2 = 0 or
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P2 = 0, Jl ?é 0,'
2 for Py#0, Pp=JoPs—J4P,=P;=0, or
Po=0, J; =0, P, #0;
0 for PL=P =0,
where Py, Py, P3, Ps, J1, Jo, Jy are taken from (5).

Let us prove

Lemma 2. If P, =0 the rank of matriz (2) is equal to

4 for  Jipar #0; (7)
8 for Py ZO0, porJ1 =0, por +J1 £0; (8)
2 for Py #0,p7=0,J1 =0,0rP, =0, par Z0; 9)
0 for Py =py=0, (10)

where Py, Py, po7, J1 are taken from (5).

Proof. Consider two cases: 1) If po7 = 0, owing to the fact that J; # 0 implies that
Py # 0 (see [1]), we obtain that the corresponding cases of Lemma 2 coincide with
the corresponding cases of Lemma 1, and, hence, its truth is evident.

2) Let pa7 # 0, i.e., according to (4)-(5), we have

a? +b* #0. (11)

Since P» = 0 from (4)-(5) we obtain for the system (1)

Because of (12), removing the zero columns matrix (2) takes the form

—a 0 0 2u wv
m | b 0 v 0 2u
My = 0 —a 0 v 2r |° (13)

0O —=b 2r 0 v

Consider the following subcases:
a) Denote by the A1 (1 < 4,4, k,1 < 5) every possible minors of the fourth order

of the matrix Ml(l) constructed on its columns with the numbers i, j, k,l. There is
no difficulty to see that the following minors will be different from zero

8A1g34 = —abJy, 8Aigz5 =a’Jy, 8Ajps =—b"J,
8A1345 = (av + 2br)J1, 8Ag345 = —(bv + 2au)Jq, (14)
where J; is invariant from (5), having in this case for the system (1) the form
Jy = —8(v? — dur). (15)

Taking into account (11) and (14) we note that the rank of matrix Ml(l)

4 if and only if the condition (7) takes place.

is equal to
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b) Due to (14) and (15) we can say that if with po7 # 0 takes place the condition
J =0 (v*=4ur), (16)

then all minors of the fourth order of the matrix (11) are equal to zero and, hence,
mnle(l) < 4.

There is no difficulty to check that from 40 different minors of the third order of
the matrix (13) the following will be different from zero if (16) takes place:

A2 = v, A2 = 2abu, ALZ = abv — 2d%u, A2 = —4au?,

Al = A= A = 20w, AR} =2, A= 0~ 2abu,

A3 = —dbur, Aj3s = —AB = A2 = 2bur, Alis = —4bu?,
A}§§ = 2a°r, Ag’é = a®v — 2abr, A}%ﬁé = dar?, A%gﬁi = —4daru,
A% = 2abr, A% = —bPv, AL = abv — 2b%r, ALE = 4br?
Al = —AR = Al = —av?, Al = —AL = AR = —2ar0,
Afds = A1 = —abv, Ajfs = —Afj5 = AR = b,
Alls = A3 = A3ls = 2buw, (17)
k

where A;fnn (1<4,5,k <4;1 <l,m,n <5) are indicated minors of the matrix Ml(l)
constructed on lines ¢, j, k and columns [, m, n.
As with the help of (4)-(5) and (12) for P; we obtain

Py = dux? + dvzy + dry?, (18)

then with (11) we have that at least one of minors (17) is different from zero if and
only if Pipe7 # 0 in this subcase. Therefore (8) is true. Let us note that J; = 0
does not contradict to P; # 0.

c) It follows from (17) and (18) that if with pa; # 0 the equality

P=0 (u=v=r=0) (19)

takes place then all minors of the third order of matrix (13) are equal to zero and
hence rank‘Ml(l) < 3.

Let form all possible unzero minors of the second order of matrix (13), which
will denote by AZ(l <i,j <4;1 <k,l<2). It is not difficult to see that they are
the following:

AL =a®, Ay =AY =ab, AT =0 (20)
With (11) at least one of minors (20) is different from zero and hence the rank of
matrix (13) is equal to 2. And this provides the fulfillment of the second condition
from (9).
The case (10) is evident. Lemma 2 is proved.
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Lemma 3. If Py P, # 0 the rank of matriz (2) is equal to 4 if and only if
2P2(3P1P3 — 2J1P2) + W 7_é 0, (21)
where
W1 = 3Py (Pspar + 2pg) + 2P5(Pipar — 4p2), (22)
and Py, Py, P3, P5,p2, D9, P27, J1 are taken from (5).

Proof. Necessity. Similarly to the proof of Lemma 2.44 from [1] we consider 3 cases.

1) The discriminant D(P;) > 0. Then, taking into consideration the expression

for P from (4)-(5) it is easy to check that by the center-affine transformation [1] we
obtain

P =2(qg+v)zy, p=—u, r = —w, (23)

where
q+v#D0. (24)

Let assume that the condition (21) is not necessary, i.e. that 2P (3P, P3 —2J1P,) +

W1 = 0. Since the expressions 2P, (3P, P3—2.J; P») and W; have 8th and 7th degrees,

respectively, concerning variables z,y, then the last identity is equivalent to the
System

2P2(3P1P3 - 2J1P2) = O, (25)

Wi =0. (26)

Taking into consideration the expression for P; from (4)-(5), conditions (23),
(25), we obtain the following values for the coefficients of the system (1)

p=r=s=t=u=w=0. (27)
With these coefficients the comitant P, and the identity (26) take the form
Py =3(q —v)z*y’,

Wi = —6b(q — v)(—¢* + qu + 50°)zy® + 6a(q — v)(—=5¢* — qu + v})23y* = 0.

From the last identity with P, # 0 we obtain for the coefficients of the system (1)
as real values that a = b = 0. In this case removing the zero columns matrix (2)
takes the form

0 ¢ 0 0 v 0

M@ — 0 0 2¢q—w 0 0 3v
L 71 3¢ 0 0 20—-q 0 0

0 gq 0 0 v 0

There is no difficulty to see that all the minors of the fourth order of the matrix
Ml(z) are equal to zero, i.e. r(mk:Ml(z) < 4.
Obtained contradictions prove the necessity of the condition (21).
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2) The discriminant D(P;) = 0. Then, taking into consideration the expression
for P, from (4)-(5) it is easy to check that by the center-affine transformation [1] we
obtain

P =(p+u)r? ¢q=—v, r=—w, (28)

where
p+u#0. (29)

Let assume that the condition (21) is not necessary, i.e. let consider (25)-(26).
Taking into account (25), (28), (29), we obtain the following values for the coefficients
of the system (1):

g=r=s=v=w=0. (30)

With these coefficients the comitant P, and the identity (26) take the form
Py = —tz* + (p — 3u)2’y,
Wi = 2(p* + u?)(at — bp + 3bu)z" = 0.

From the last identity with (29) and P» # 0 we obtain the following real values for
the coefficients of the system (1):

a) a = w, (t #0). In this case removing zero columns the matrix (2) takes
the form
Wup) g 2p 0 3t 2u 0
u® —b 0 -t p—u 0 t 2u
! 0 XuB 9 0 Zu—-p 0 0
0 —b 0 0 —1 0 O

There is no difficulty to see that all the minors of the fourth order of the matrix

)

M 1(3) are equal to zero, i.e. rankM 1(3 < 4, that proves the necessity of the conditions
(21).

b) b =t = 0. In this case removing zero columns the matrix (2) takes the form

—a 0 2p 0 0 2u 0
0 0 0 p—u 0 0 2u
0 —a O 0 3p—u 0 O
0 0 0 0 0 0 0

MM =

There is no difficulty to see that all the minors of the fourth order of the matrix

)

M 1(4) are equal to zero, i.e. rankM 1(3 < 4, that proves the necessity of the conditions
(21).

3) The discriminant D(P;) < 0. Then, taking into consideration the expression
for Py from (4)-(5) it is easy to check that by the center-affine transformation [1] we
obtain

P=A*+y*)#0, A=p+u=r+w. (31)
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Let assume that the condition (21) is not necessary, i.e. let consider (25)-(26).
Taking into account (25) and (31), we obtain the following values for the coefficients
of the system (1):

p=w=3A/4, q=—v, r=u=A/4, s=—t=—3v.
With these coefficients the comitant P, and the identity (26) take the form
Py = —3v(z? + y%)%;
3
Wy = —%[(48@1)2 + 480w A — 5aA?)x + (48bv* — 48avA — 5bA?)y](2* + 3*)® = 0.

Taking into consideration the last identity with P> # 0 we obtain the following
values for the coefficients of the system (1):

a=b=0,(v#0).

In this case removing zero columns the matrix (2) takes the form

% —v 0 v v % v 0

M® —3v % —3v 0 0 3v % v
1 —3v 5 —3v 0 0 3v 5 3v

0 —wv é -9 —-3v 0 v %

Note that the second and third lines of the matrix M 1(5) coincide, hence rankM 1(5) <
4, that proves the necessity of the conditions (21).

The necessity of the conditions (21) is proved completely.

Sufficiency of the conditions (21) with PP, # 0 follows from the expression
2P5 (3P, P3 — 2.J, P,) written by the minors of the matrix (2), see [1], p.164; and the
expression

W1 = (—2A1378 + Aozar — Aogro — Aoars)x” 4 (6A1347 — 31370 — 14A 1478 — 18A 1789 —

—TAgs48 + 102357 + Agsrio — 122389 — 1102479 + 40578 — 5As7810) 2%+
+(—5A1348 —29A1357 —4A 13710 +23A 1479 — 13A1578 + 18 A 17810 + 16 A2349 + 100355 —
—21A9367 — 150457 + Aoario + 3302459 — TAos7g — 220675 + 10A07910) 2"y >+
+(—37A1349 — 10A1358 +8A1367 +24A1457 — 96 A1489 + 13A1579 +9A 1678 — 14A17910—
—15A0345 + Ag3a10 — 37A2359 + 31 A2368 — 10423910 — 48 Ag455 + 27 Ag467 — 38Ag4810—
—9Ag5710 — 33A2589 + 25A0679 — 6A28010) 7"y + (—6A1345 — 10A13410 — 38A1350—
—9A1368 + A13910 — 33A1458 + 25A1467 — 37A14810 + 31A15710 — 48A1589 + 27A1679—
—15A18910 — 14A92346 — 96 Ao459 + 13A2468 — 37A24910 + 9A2567 — 10A25810 +8Agg710+
+24 0680 )23yt + (10A 1346 + A1360 + 33A1450 — TA1468 + 16214910 — 2201567+
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+10A15810 — 21A16710 — 15A 1689 + 180356 — 423610 +23A2469 — 13A2568 — 5A25910—
—29A96810)2%y° + (—5A 1356 + A13610 — 12414510 — 11A 1460 + 4A 1568 — TA 15010+
+10A16810 — 182456 — 324610 — 14A 2560 +6 Aag910) 2y + (— A1a610 — A 1569 + A 16910 —

—2A95610)Y (32)

where A (1 <14,7,k,1 <10) is the minor of the fourth order of the matrix (2)
constructed on its columns with the numbers ¢, 5, k,{. Lemma 3 is proved.

Lemma 4. If P, =0, P> # 0 the rank of the matriz (2) is equal to 4 if and only if
JoPs — J4 Py + W1 + Wy # 0, (33)

where W1 is taken from (22), and
Wy = p3;(PE + 6P, — 9P5) + 2p3, (34)

where Py, Po, Py, Ps, pa, par, Jo, Jy are taken from (5).

Proof. Necessity. From P; = 0 we obtain the following values for the coefficients
of the system (1):
p=-—u, ¢=—v, T =—w. (35)

With coefficients (35) comitants P, W7 and W5 take the form
Py = —ta* — quady — 6vr?y? — dway® + sy?, (36)

Wy = (—4at®v + datu® + 6bt*w — 22btuv + 16bu)2” + (—14at’w + 14atuv — 6bst>+
+4btuw — 66btv? + 56buv)xly + (10ast® — 44atuw + Sdatv? — 26bstu — 126btvw+-
+64buw + 36buv?)z°y?* + (50astu + T0atvw — 80auw + 60auv? 4 16bstv — 56bsu® —
—84btw? + Sbuvw + 36bv* )ty + (16astv + 84asu® + S6atw? + Sauvw + 36av>+
+50bstw — T0bsuv — 80buw? + 60bv?w)x3y* + (—26astw + 126asuv + 64auw®+
+36av*w — 10bst + 44bsuw — 54bsv®)x?y® + (6as*t — dasuw + 66asv® + 56avw? —
—14bs*u — 14bsvw)zy® + (6as®u 4+ 22asvw + 16aw® — 4bs*v — 4bsw?)y”,  (37)

and

Wy = (2a*t* + dabtu + 18b*tv — 16b*u?)2® + (12atu — 24abtv + 48abu? + 36b*tw—
—24b*uw)x’y + (30a*tv — 60abtw + 120abuv — 18b?st + 48b%uw — 36b%v?)xy*+
+(40a%tw + 32abst — 32abuw + 144abv® — 40b%su) x>y 4+ (—18a% st + 48a*uw—

—36a%v? + 60absu + 120abvw — 306%sv)z?y? + (—36a%su — 24a*vw + 24absv+
+48abw? — 126 sw)xy® + (—18a%sv — 16a*w? — 4absw + 2b%s%)y°. (38)
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Let assume that the condition (33) is not necessary i.e. that if JoPs — Jy P + W7 +
W5 = 0, than there are some minors of the fourth order of the matrix (2) which
are different from zero. As the expressions JoPs; — J4 P, Wi and Wy have 4th,
7th and 6th degrees, respectively, concerning variables x,y, then the last identity is
equivalent to the system

J2P5 — J4P2 = Wl = Wg =0. (39)

With (35) from the first identity from (39) we obtain the system of the polynomial
equations of the fourth degree concerning coefficients of the system (1). Solving
indicated system (see [1], 7 171), we obtain the following four real solutions:

l)p=gq=r=s=t=u=v=w=0. (40)
With these coefficients P, = 0, what contradicts to the condition of Lemma 4.
Np=q=t=u=v=0, r=—w. (41)

With these equalities unzero minors of the fourth order of the matrix (2) will be the
following

A16910 = A1s69 = Arap10 = A1ase = —201260 = —2A1246 = 4w? (daw — bs),

At2610 = A1256 = 8(12102 + 2absw — b282. (42)

And expressions W7 and W, take the form
W1 = 4w?(daw — bs)y”,

Wy = 12bw(4aw — bs)xy® + 2(—8a*w? — 2absw + b*s%)y°. (43)

Taking into consideration the last equalities from (39) and the obtained with the
help (42)-(43) contradiction we find the necessity of the conditions (33) in this case,
too.

)p=t=u=0, g=—v, r=—w, 3sv = —2uw>. (44)

Let substitute these coefficients into W; and Ws:
Wy = 36bv3zty® + (60bv?w + 36av*)23y* + (36av?w + 36bvw?)x?y® + (12avw?+

2 4 4
—i—;bw?’)xyﬁ + (gaw3 — §b3w2)y7;

Wy = 360202z y? 4 144abv® 23y 4 (—36a2v? + 120abvw + 206%w?) 2y +
+(—24a*vw 4 32abw? — 120%sw)zy® + (—4a*w? — dabsw + 2b*s%)y°.

From Wy = W5 = 0 with the last equalities we obtain:
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a) a=b=0,(v#0). Matrix (2) takes the form

0 0 0 —v 0 —-s 0 0 v 0

MO _ 00 O 0 —3v —4w 0 0 0 3v
1 0 0 —3v —2w s 0 0 3v 2w —s
0 0 0 —v 2w 3s 0 0 v 2w

There is no difficulty to see that all the minors of the fourth order of this matrix
are equal to zero, i.e. mnle(G) < 4. Therefore the conditions (33) are necessary in
this case.

b) With v = 0 from (44) we obtain p =g =r =t =u = v = w = 0. With these
equalities the following minors of the fourth order of the matrix (2) will be different

from zero
Aias6 = Ajag10 = —b%s%, (45)

and the expressions W7 and Wy take the form
W1 =0, Wo = 2b%5%5. (46)

If we demand that the equality W5 = 0 from (46) takes place, then with the help of
(45) we obtain that in this subcase all the minors of the fourth order of the matrix
(2) are equal to zero. This contradiction proves the necessity of the condition (33).

4) t =0, 4uw = 302, 2su® = —0>. (47)
Let substitute these coefficients into W7 and Wa:
Wy = 16buz” 4 56buvaly + 112bu*wa®y? + (—128bsu? + Sbuvw)zty? + (12asu>+

+8auvw — T0bsuv)z3y? + (126asuv 4 84av*w — 28bsuw)z*y® + (63asv? + 56avw? —
—14bsu — 14bsvw)zy® + (6as?u + 22asvw + 16aw® — 4bs*v — 4bsw?)y";
W = —16b*u?2° 4 (48abu? — 24b%uv)z y + 120abuvzty? + (160abuw — 400 su)z>y> +
+(60absu + 120abvw — 30b%sv)z?y? + (=360 su — 24a*vw + 24absv 4 48abw? —
—12b%sw)zy® + (—18a?sv — 16a*w? — dabsw + 2b%s?)y)0.

From Wy = W5 = 0 with the last equalities we obtain bu = bv = 0.

If b # 0, then we come to the case 1) from the proof of the necessity in Lemma
4.

If b = 0 then we have:

W1 = dau(2vw + 3su)z®y* + 42av(20w + 3su)x?y® + Tav(9sv + 8w?)wy® + 2a(3su+

+11svw + 8w)y’;
W = —12a%(2vw + 3su)zy® — 2a%(8w? 4 9sv)yP.

From W7 = W5 = 0 we obtain the following subcases:
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a) a = 0. This subcase is considered in ([1], 7.173).

b)a#0,s# 0,p=q=1r =u=v=w = 0. Taking into account the case 3) b)
from the proof of the necessity in Lemma 4 we conclude that all the minors of the
fourth order are equal to zero here, that proves the necessity of the condition (33).

c)a#0,u#0,gq=r=s=v=w=0. The matrix (2) in this case takes the
form

—a 0 —2u 0 00 0 2u 0 0

y®_| 0 0 0 2000 0 0 2u0
L 0 —a 0 0 00 4u 0 0 0
O 0 0 0 000 0 0 0

There is no difficulty to see that all the minors of the fourth order of the matrix
M1(7) are equal to zero, i.a. rankM;(7) < 4. Hence the condition (33) is necessary

in this subcase. , ,
d)a#0,v#0,w#0,u= iiw, s = —89%. Matrix (2) takes the form in this case

—a 0 =¥ w0 9 X 4, g

y®_ [ 0 0 o e 3 4w 0 0 3 3
! 0 —a —3v 2w -5 0 I 3 2w S
0 0 0 —v 2w —83% 0 0 v 2w

There is no difficulty to see that all the minors of the fourth order of the matrix
M1(8) are equal to zero, i.a. rankM;(8) < 4. Hence the condition (33) is necessary
in this subcase.

The necessity of the condition (33) is proved completely.

Sufficiency of the condition (33) with P = 0, P, # 0 follows from the expression
Jo Ps— Jy Py written by the minors of the matrix (2), see [1], p.169, and the expression

Wy = (—Aqazr — Ara7s) 20 + (—2A1238 — 441247 — 2A1979)7°y + (—Aqazs — Aoz —
—9A 1248 — 5A1957 — A12710 — 3012802 Y + (—2A 1935 — 6A 1249 — 12A 1958 — 2A1967—
—2A12810)2°y> + (—Aga3e — 3A1245 — A12a10 — 91250 — HA 1268 — A12010) 27y +

+(—2A1246 — Av2510 — 4A1260)7Yy° + (—A1256 — A12610)y°,

where Ajji, (1 < 4,4, k,1 < 10)- is the minor of the fourth order of the matrix (2),
constructed on its columns with the numbers i, j, k,[. Lemma 4 is proved.

Lemma 5. If Py P, # 0 the rank of the matriz (2) is equal to 3 if and only if
2P2(3P1P3 — 2J1P2) + W, =0, (48)

where Py, Po, Py, Jy are taken from (5), and Wy from (22).

Proof. Necessity of the conditions (48) follows from Lemma 3.
Sufficiency of the conditions (48) can be proved similarly to the first part of the
proof of the sufficiency of Lemma 3.44 from [1]. Lemma 5 is proved.
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Lemma 6. If P, =0, P, # 0 the rank of the matriz (2) is equal to 3 if and only if
JoPs — Jy Py + Wi + Wy =0, P5 #0, (49)

where Py, Py, P, Ja, Jy are taken from (5), Wi from (22), and Wy from (34).

Proof. The necessity of the identity (49) follows from Lemma 4. The necessity of
the inequality from (49) can be proved similarly to the second part of the proof of
the necessity and sufficiency of Lemma 3.44 from [1].

Sufficiency of the conditions (49) can be proved similarly to the second part
of the proof of the necessity and sufficiency of Lemma 3.44 from [1]. Lemma 6 is
proved.

Lemma 7. If P, # 0 the rank of the matriz (2) is equal to 2 if and only if
PlEP5EJ2P5—J4P2+W1+WQEO, (50)

where Py, Po, Ps, Jo, Jy are taken from (5), Wy from (22), and Wy from (34).

Proof. Necessity of the condition (50) follows from Lemma 6.

Let prove the sufficiency. If the conditions of Lemma 7 take place, than in every
case 1)-10) from the proof of the sufficiency of Lemma 6, where we do not have any
contradictions, we obtain P, = sy*, anda=b=p=q=r=t=u=v=w = 0.
With these equalities from P» # 0 follows s # 0 and the rank of matrix (2) is equal
to 2, since the minors of the second order 3A%} = 3AL3, = A3t = A}, = 35% are
different from zero. Lemma 7 is proved.

Theorem 1. GL(2, R)-orbit of the system (1) has the dimension
4 for PPy, #0, 3PP3—2J1P, + W1 £0, or
P27 = O, P1P2(3P1P3 — 2J1P2) 5_'5 O, or
50 P27 = 0, P1 = 0, P2(J2P5 — J4P2) ?é 0, or
P=0, P, #0, JoPs — JiPo + Wy + W5 £0, or
50 Py =0, Jipar # 0;
3 for P P,#%0, 3PP3;—2J1P,+ W =0, or
P1P2 7_é 0, P27 = 0, 3P1P3 — 2J1P2 = 0, or
50P2P5 5_’50, Pl EJ2P5—J4P2+W1+W2 EO, or
50 P, =0, PL#£0, J1 +par Z0, Jipar =0;
2 for P2§é0, Pr=FP=JP— 4P+ Wi +Wy =0, or
P25p2750, Pl?éo, J1:O, or
PL=P,=0, par Z0;
0 for Pp=P,=py=0,
where Py, Py, Py, Ps, po7, J1, Ja, Jy are taken from (5), W1 is taken from (22),
and Wy - from (34).
Let introduce the following designations:

My = M(PiP, #0, 3P\ P3 —2J1 P, + W; #0);

My = M(pe7 =0, PLP2(3P1 Py — 2J1 ) # 0);
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M3 = M3(pa7 =0, PL =0, Py(JoPs — JuPs) # 0);
My=My(PL =0, P,£0, JoP5 — JyPo + W1 + W5 #0);
M5 = M5(Py =0, Jipar # 0);

Mg = Mg(P1 P> £20, 3P, P3; —2J, P, + W1 = 0);

M7 = M7;(PLPy, #0, par =0, 3P P3 — 21 P = 0);

Mg = Mg(PyPs 20, Py = JoPs — Jy Py + W1 + Wo = 0);
Mg = My(P> =0, Py £0, Ji +par #0, Jipar = 0);
Mg = Mio(P2 Z0, Pr = Ps = JoPs — Jy Py + W1 + Wa = 0);
My = My (P =p2r =0, PL £0, J1 = 0);

My = Mi2(Py = P, =0, par #0);

Mg = My3(Py = Py = pa7 = 0). (51)
According to Definitions 1 and 2 from Theorem 1 follows

Theorem 2. Sets M; (1 <i < 13) from (51) form GL(2, R)-invariant division of
the set E(A) of the coefficient of the system (1), i.a.

13
U Mz = E(A), Mz mi;éj Mj - @,
i=1

where each M; is GL(2, R)-invariant.
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