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About some equations of the third order with six poles

A.V. Chichurin

Abstract. Investigating ordinary differential equations of the third order on
the subject of belonging to P-type (solutions of such equations have no movable
critical singular points), Chazy has built an equation (Chazy equation) with
32 coefficients. If these coefficients satisfy the special (S)-system, then Chazy
equation belongs to P-type. In this paper we find three solution of the (S)-
system and build three classes of Chazy equation of the P-type.
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Having researched nonlinear differential equations of the third order on the sub-
ject of belonging to P-type (solutions of such equations have no movable critical
singular points), Chazy have obtained the equation [1]
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32 coefficients of equation (1) Ag, By, Ck, Fx, D, E,a; (k =1,6) are functions of 2.
The aim of this paper is building of three classes of equations (1) of P-type.
Equation (1) is connected quite closely with Painleve equations [2]. Investigation
of equation (1) is also connected with the theory of isomonodromy deformation
of linear systems, the theory of golonomic quantum fields and nonlinear evolution
equations. The necessary and sufficient conditions of belonging of equation (1) to
P-type are a system (S) [1], which consists of 31 algebraic and differential equations
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where k,j = 1,6; j # k.

Chasy did not investigate the (S) system and therefore did not single out ex-
plicitly the classes of equations like (1), which are P-type equations. Prof. N.A.
Lukashevich continued the investigation of system (S). In [3] he proved that solution
of systems (2), (3) is

Ay = —1/a;, (k=T,6). (8)

The search of solutions of systems (4)-(7) is contained in the papers [4, 5]. Here
to simplify calculations we consider the case when ay (k = 1,6) are constants.

Let us consider system (5). From the relation (41) (the first relation of the system
(4)) we find

D=Y"(-1 B+ 3aa). (9)

Using relation (9) we rewrite system (5) as

B. — B a. —a' _
STk = M (A —34) L AD (k,j =T1.6; j # k).

J
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J
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We simplify the sum in the right-hand side of (10) (here we use relations (8))
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From equalities (8) it follows that
01 =05 = 07 (12)

where 01, o5 are the first and the fifth elementary symmetric polynomials composed
of the elements ay (k = 1,6). Using (12) we get _; i =% 1_1_ —i. Then

DI A O 3

Using (13) we can write system (10) in the form

expression (11) is

k_a]
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where og = H?Zl a;. Let us set
1 a1 o
Bi=1;—-D—-2-"— - 5 (;=16). 15
i=Yi— 3 CLi3O'6(Z ,6) (15)

Then system (15) is

Sy LY Y=Y h=T6 £k, ()
J J

af ap — aj

where ¢y, (k = 1,6) are unknown values. A simple calculation shows us that the
determinant of the system (16) is equal to zero. Hence according to Kroneker-
Capelli criterion for the compatibility of system (16) it is necessary and sufficient
that the rank of extended matrix be equal to the rank of matrix of system (16).
This condition is true if a; (k = 1,6) are constants. Then the system (16) has the
form

3 1 ; _
Z-y Bt Y =0 (1 =T6 £ )
J

aj ; ap — aj
Solving this system we obtain

a1 aga3 + azaq4 + a2as5 + a2a¢ + azayg + asas + asag + asas + agae + asag
ag a1a2 + ajaz + ajaq + airas + asaz + a2a4 + azas + azaq + azas + aqas

Y =

6
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as a1ag + aijas + a1a4 + @10 + a203 + a204 + a206 + a3a4 + a306 + A406
ag ai1a9 + a1as + a1a4 + a1as + aga3 + asa4 + a2as5 + azaq + azas + a4as

Y5 =

Using elementary symmetric polynomials we rewrite the relations (17) as

d}i:g;"v% (i:175)’

where
or = ax (02 +ai) (k=1,6), (18)
g is an arbitrary analytical function of z.
Let us set -
¥ =p/d, (k=1,6). (19)

Using the substitution (18), (19), we obtain a solution of the system (5) in the
form

Bk = ak(az + a%)zb - % D (k = 1,76), (20)

where D is a known function, 1 is an arbitrary analytical function of z. Further we
shall use the relations [5]
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B — 0 =0,4 % —q T —
; ¢(ak) (TL 3 )7 kZZI ¢(ak) ) ; ¢(ak) g1,
: aZ _ 2 ° ai _ 3
kz an) = o] — 09, kz an) = 0] — 20102 + 03, (21)
—1 =1

where ¢(ax) = [, (ax — a;) (j # k;j,k = 1,6), ox (k = 1,6) is an elementary
symmetric polynomial composed of the elements a; (kK = 1,6). For 01 = o5 =
from the identities (21) we have

6 an 6 CL5 6 a7
k. _ ko E
=0 (n:O74’6), :17 = —09,
; ¢(ax) ; ¢(ax) ; ¢(ax)
6 8 6 9 6 10
O _ ay _ 2 ar
=03, :O’Q — 04, = (—2)020’3, (22)
kzzl ¢(ax) ; ¢(ax) ; ¢(ax)
6 all 6 al2
Z k= 032) — a;” + 20904 — 0, Z L a— 30’%03 — 20304

6
> By =-2D. (23)
k=1
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Hence . .
ZBk:ag¢01+¢2a%—2D283¢—2D. (24)
k=1 k=1

From the equalities (23) and (24) the next theorem follows.

Theorem 1. System (41), (5) with respect to constantsay, (k = 1,6) is compatible
and it has two solutions:

1) By=—3 D (k=1,6) (fore=0), (25)
or
2) B (k=1,6) is determined according to (20) (for s3 =0).

Then we shall find a solution of the systems (6), (7). The system (6) for our case
has the form

2 1 Cj
> R

; ap — aj
1 2 ! 1 / 1 2 . — .
:(5k¢—§D) — 0y +§D +5k¢D—§D —-E (kj=1,6;j#k). (26)

The determinant of system (26) is equal to zero. By setting

1., 2
Ck:%k (B = 3D+ D% +xi (k=16

in the system (26) we get the system

~—

(27)

2 1 : 1 R
—-> Xe+ TX—JCL- = (ng—w’)ékw%i (k,j=1,6; j # k).
; J
J

Qg ; ajp — aj
(28)
Applying Cramer’s rule to the system (28), we find the value of the determinant
1 252 1 1 1 1 1
(?D,l/} - wj)(;l + w25]é al1—a2 a,lI(lg (11;(14 a:lIG/S alIGG
(§D¢ - )62 + wQ(S% 0?2 az—as a2;ll4 aQIas a2Ia6
/
(?Dw - ¢ )53 + w25?2) QSIQQ ai’3 az—aq Cbgi(ls U«SI(ZS
/ )
(§D¢ —P)ds + ¢25‘é aTa  aaTas af‘l a1=as  aaTas
/
(?Dd} - 1/’/)55 + 1/}253 a5Ta2 asfa:a asTa4 af‘r’ as—ae
(ng - ¢ )56 + 1/1 56 ag—a2z ag—as ag—a4 ag—as a66
where a;; = a% =225 (i) —aiiaj (1 =2,6). A simple calculation shows us that this

determinant is equal to

120,1

06

(0'3 — 109 — (Ii’) <;D’¢J — wl + O'31/)2> .

Also this determinant must be equal to zero because the determinant of the system
(28) is equal to zero. Hence we obtain the condition for the function 1

%Dw — ¥+ ag? = 0. (29)
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Now consider the first case when ¢ = 0. Then we get

m:_ép (k =T,6). (30)

Solving the system

2 1 j .= .
—~-> Xkt D =0 (k=16 j#k.  (31)
ag ; ap — aj 7 ap — aj

with unknown functions xx (k =1,6), we find

where
& = al(a2a3a4 + agasas + asaszag + a2a4a5 + 20406 + 20506 + A30405+

3
asasag + azasag + agasas) = a1(oz — ajo2 — ay),
&6 = a6(a1a2a3 + ai1a2a4 + a1a205 + a1G0304 + A10305 + A10405 + 20304+
3
asasas + agasas + asagas) = ag(os — agoy — ag),
X6 is an arbitrary analytical function of z. Let us set

& = ap(os — agor —aj), X = g (k=1,6). (33)

Using relations (32), (33), for our case we write a solution of the system (6) in the
form

1 2
Ch="S (E—D+-D)+&x (k=1,6), (34)

3 3 9

where &, are determined according to formulas (33), x is any analytical function.
Let us consider the second case, when s3 = o3 = 0. Taking into account relation
(27), we obtain system (26) as

2 1 Xj 22 . — .
7_5 —1—5 —— =% k,j=1,6; j#£k 35
an - an a; Xk - ar aj ¢ k ( yJ , 057 )7 ( )

where the function ¢, according to (29), has the form

wzCem<;/Dm>, (36)
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(C is an arbitrary constant). We shall seek functions x; (k = 1,6) in the form

1 4 4 a -
Xk = v°[a, (3ai + 3020k + 03+ 3 04) +5 (60204 +206)] 4+ (k=T16). (37)

By substituting (37) into the system (35) we obtain the system (31), where
functions x% (k = 1,6) are unknown values. Let us consider the solution (32), (33)
of the system (31). Because o3 = 0 then solution of the last system is

Xk = —ap(o2 +a)x (k=T1,6),

where x is an arbitrary analytical function. Hence solution of system (35) is

1 4 4 a
Xk = wQ[ai (aﬁ + faga% + O’% + 3 04)+k (60204—%206)]—@%(02—1—@%))( (k=1,6).

3 3 3
(38)
Taking into account the substitution (38), we obtain

1 4 4
Cr = V?[a} <3aé + gagai + 03 + 3 04> +

a 1 2
4ok (E—-=-D"+ §D2 + 60904 + 206)] — aj (o9 +ai)x (k=T1,6). (39)

3 3

Thus in the second case we have determined functions Cy (k = 1,6) in the form
(39). From Theorem 1 and relations (39) the next theorem follows:

Theorem 2. System (6) with respect to constants ay (k = 1,6) is compatible and it
has two solutions:

1) Cp=%(E—3D'+5D) +&x  (fory=0), (40)
or
2) Cy (k=1,6) is determained according to (39) ( for s3=0).

Now we shall seek a solution of the system (7). By our assumptions this system
is
—BCy, + Ct, — DC + Fy [[(ar —a;) =0 (k,j =T1,6; j # k). (41)
J
Using the notations

o(ag) = H(ak — aj) = ay,(6ay, + dosai +204) (k=1,6)
J

and (20) in the general case we rewrite system (41) in the form

(ak(ag + ai)lﬁ + 2D/3)Ck — C;C
o(ar)

Using relations (39) from the last system we find

F, =

(k =T,86).

Fy, = [303a;0 4 1509103 af + (2D — 69 — 9x)al, + 139\, + 1205)al+
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+2090(4D2p — 9x — 12¢")aj, + (313 (N2 + 3A102 + ) + 99X — 6Dx)aj+
+30(2DA\1y) — 3oy — 6A19)ai + (3020* (N2 +7) + 023X — 2DX))aj+  (42)
+(2DAath + 2Dy — 3y — 6ot — 674 )ay] (k = T,6),
where v = F — %D’ + %DQ,
exact form of the functions Fj,
1 (¢p = 0, the functions By (

Cr (k =1,6) - according to (40)).
functions Fy, (k=1,6) as

= 0’% + %(14, Ao = 0904 + 206. We find the
1,6) for each of two cases. Consider the case
,6) are determined according to relations (30),

Taking into account relations (42) we obtain

I = >

ag fk / 2
F, = + +=D k=1,6), 43
where L 5 A
=-D'"-ZDD —F DE — D3, 44
n=3 3 R (44)

Since equality (52) : 22:1 Fj, = 0 is true, then ' + %DX =0 or

x=0C eXp(—z/Dd:r), (45)

where C is an arbitrary constant. From relations (43) and (45) we find

ay

3¢(ax) n

Thus in the first case equation (1) has the form

Fp = (k=1,6). (46)

6

6 1o 1 3 L Boaw'? + o 6 F

m_ Z ww (ak) ww ;‘ w4+ Cpw +Dw”—|—Ew'—|—H(w—az Z k
— ag J

i=1 k=1

where B, (k = 1,6) are determined according to formulas (30), Cy (k
- according to formulas (40), F, (k = 1,6) - according to formulas (46)
according to formula (45).

Consider the second case (s3 = 0 or, taking into account the relation s3 = 303,
we have o3 = 0). Functions B, (k = 1,6) are determined from (20), functions
Ck (k =1,6) are determined from (39). Then relations (22) are

and y

6 n 6 5 6 a
= = 74,678, 107 12), = = _0'2,
— p(ax) — ¢(ax) — ¢(ak
6 (19
k _ 2
= 2 — 48
E (an) 05 — 04, + 20904 — 0% (48)
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To find functions Fy (k = 1,6) we use the identities (48). Substituting values
of the functions Fj, (k =1,6) from (42) in the relation 22:1 Fj, = 0, we obtain

3021(2D% — 69 — 3x) = 0. (49)
Since ¢ # 0 (otherwise we have the first case), then from (49) it follows:

oy =0, (50)
or 5
x=sDv -2y (51)
Substituting the value of function ¢ from (36) into (51), we obtain
x = 0. (52)

Substitute (42), (48) and (52) into the relations 22:1 apFy =0, 22:1 a2Fy, = 0.
Then the first relation becomes

1
3 Y3 (2D? + 3(3E — 30904 + 306 — D') = 0, (53)

and the second one be the identity. From (53) we find the value of function E
1

E= §(3D’ —2D?%) + 0904 — 0. (54)
By substituting (52), (54) into equation (42), we obtain functions Fj, (k=1,6)
as
a?(o9 + a?)(al + dosa; + a2 (302 + 40y) + Tosoy + o)
F =k bk k ok ¢* (k=1,6). (55)

3¢(ay)

Consider here the subcase 09 = 0. Then from the relation 22:1 apFr = 0, we
find

1
V' = 3=(18Dx + (3D’ —2D% = 9E — 90)"). (56)

Substitute (42), (48), (56) and g = 0 into the relation Y._, a?F}, = 0, which
we can write as
904 X ¢ =0.

From the last equation it follows that o4 = 0 (otherwise we obtain one of two
considered above cases: 1) = 0 or x = 0). Then functions Fj (k = 1,6) have the
next form:

1
F.= W[akd)(9a2¢2—27agx+9a2061/12+¢(3(D”—3E')74DD’))] (k=1,6). (57)
k
Thus, in the second case (o3 = 0) we obtain two equations (47), where By, (k =
1,6) are determined by (20), Cx (k = 1,6) are determined by (39), Fy (k = 1,6)
be (55) or (57). The preceding gives the following two theorems.
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Theorem 3. For constants ar, (k = 1,6) the system (7) is compatible and it has
three solutions:

1) Fy (k=1,6) are determined by (46) and there are (44), (45) ( for ¢y =0)

or

2) Fy (k=1,6) are determined by (55) and there are (52), (54) (for s3=10)

or

3) Fp (k= 1,6) are determined by (57) and there are (56), oo = o4 = 0 (for
S3 = 0)

Theorem 4. Differential equations (47), where

1) By (k=1,6) are determined by (30), Cr, (k=1,6) - by (40), Fr, (k=1,6) -
by (46), x =C exp(—% J Ddz) ( C is arbitrary constant)

or

2) By (k=1,6) are determined by (20), Cy (k=1,6) - by (39), F}, (k=1,6) -
by (55) and there are o3 =0, (52), (54)

or

3) By (k=1,6) are determined by (20), Cy, (k=1,6) - by (39), F, (k=1,6) -

by (57) and there are o9 = 03 = 04 =0, (56) belong to P-type.

By theorem 4 we obtain three classes of differential equations (47) of P-type.
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