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On initial value problem in theory of the second order
differential equations

Valerii Dryuma} Maxim Pavlov

Abstract. We consider the properties of the second order nonlinear differential
equations b = g(a,b,b’) with the function g(a,b,b’ = c) satisfying the following
nonlinear partial differential equation

Jaace + 2Cgabcc + 299accc + ngbbcc + 2ngbccc + gzgcccc + (ga + Cgb)gccc—

4gabe — 4cgobe — CGeGbee — 3ggbee — geGace + 4gegve — 3gvgee + 6gue = 0.
Any equation b” = g(a,b,b’) with this condition on the function g(a,b,b’) has the
General Integral F'(a,b,z,y) = 0 shared with General Integral of the second order
ODE’s 4" = f(z,y,y’) with the condition g;—,ﬂ = 0 on the function f(z,y,y’) or
Y +ai(z,y)y" +3as(z, y)y' > +3as(x, y)y' +as(z,y) = 0 with some coefficients ai(z, ).
Mathematics subject classification: 34C14, 35K35.

Keywords and phrases: dual equation, space of linear elements, projective connec-
tion.

1 Introduction

The relation between the equations in the form

y" + ai(z,y)y” + 3az(z,y)y + as(z,y) =0 (1)

and
b" = g(a,b,b) (2)

with the function g(a, b, V') satisfying the p.d.e

Yaace + 2cgabcc + 2ggaccc + c2gbbcc + 2cggbccc + g2gcccc + (ga + Cgb)gccc_
4.gabc - 4Cgbbc — CGcGbce — 3ggbcc — 9cYace T 4gcgbc - 3gb.gcc + 69bb =0.

3)

from geometrical point of view was studied by E. Cartan [1].
In fact, according to the expressions for curvature of the space of linear elements
(x, y, ') connected with equation (1)

O =alw? Aw?], Q=bw' AW, QF=nhlw! AW+ Ew? Aw?],
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where

1 0%f b o 10°f O3f

a= =5 =—-—=—=

_6 ay/4 ) - oy’ ) - oy’ 6 azy/ a3y/ ’

and

6b = foayy + 24 foyyy +2f Fayyy + 9 Fygyry + 20 f Fyyryry
+ f2fy/y/y/y/ + (fZE + y/fy)fy/y/y/ — 4fﬂcyy’ _ 4y/fyyy’ _ y/fy/fyy/y/
- 3ffyy’y’ - fy’fxy’y’ + 4fy’fyy/ — 3fyfy/y/ + 6fyy

two types of equations by a natural way are evolved: the first type from the condition
a = 0 and the second type from the condition b = 0.

The first condition a = 0 determines the equation in form (1) and the second
condition leads to the equation (2) where the function g(a,b,b’) satisfies the above
p.d.e. (3).

From the elementary point of view the relation between both equations (1) and
(2) is a result of special properties of their General Integral F(x,y,a,b) = 0. So we
have the following fundamental diagram:

F(x? y? a? b) = 0
4 NN
y' = f(z,y,9) " = g(a,b,b")
(3 (3
M3 (2,y,y) = N3(a,b,b)

which presents the General Integral F'(x,y,a,b) = 0 (as some 3-dim orbifold) in the
form of the twice nontrivial fibre bundles on circles over corresponding surfaces:

M3z, y,y) =U?(z,y) x S' and N3(a,b,b') =V?(a,b) x S*.

2 Examples of solutions of dual equation

Let us consider the solutions of equation (3).
It has many types of reductions and the simplest of them are

Oc—2]

. g=cwhb®?], g=c"wlac* ! b7,

g=awlca®], g=0b"w[* ], g=a"w(c—bja),
g=a"3wb/a,b—ac], g=a’*2wb*/d® c*/a?.

For any type of reduction we can write the corresponding equation (2) and then
integrate it.
For example, for the function g = a~7A(ca”"') we get the equation

[A+(y=1)EP AT +3(y =2)[A+ (= 1)EA + (2—7) AT AT + (2 =57 +6) AT = 0.
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One solution of this equation is

A=(2-EA+)+ 1+ + (1 -k

This solution corresponds to the equation
¥ = W6+ (146
with the General Integral
F(z,y,a,b) = (y +b)* + a* — 2ax = 0.

The dual equation has the form

i 1

_ Lt /
y' = 2$(y + ).

Remark that the first examples of solutions of equation (3) were obtained in
[3-6].

Proposition 1. The equation (8) can be represented in the form

Gac + 9Y9cc — 92/2 + Cbe — 2gb - h(CL, b7 C)7 (4)
hac + ghcc - gchc + Chbc - 3hb =0.

From this it follows that there exists the class of equations (2) with the function
g(a,b,c) satisfying the condition

Gac + 99cc — 92/2 + cgoe — 295 = 0 (5)

which is easier solved than equation (3).

Here we present some solutions of the equation (5) as functions depending on
two variables g = g(a, c)

In the case when g = g(a,c) and h = 0 we have the equation

1 2
gac+ggcc—§gc =0.

To integrate this equation we can transform it into a more convenient form using
the variable g. = f(a,c). Then one obtains:

2fefac+ (f> = 2f) fee =0.

After the Legendre transformation we obtain the equation:

[(we + 1wy — w)? — 2]wee — 2wey = 0.

Using the new variable {w¢ + nw;,, —w = R we have the new equation for R:
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1
Rg - §R2w§§ =0
and the following relations:

w R 2¢&  EA(n) 2
wp=—+=F+ =220 ge=—"14 A

with an arbitrary function A(n). From the conditions of compatibility it follows:
20R, + Re(26 — R*) + nA,R* = 0.

Integrating this equation we can obtain general integral.
In the particular case A = % we have:

2
R]j2n:_%+q)(%_%>'

By the condition A = 0 we obtain the equation  2nR,, + (2¢ — R*)R¢ = 0, which
has the solution:
R? =2¢ + 2n®(R)

were ®(R) is an arbitrary function.

After choosing the function ®(R) we can find the function w and then using
the inverse Legendre transformation, the function g which determines dual equation
v = g(a,c).

Remark 1. The solutions of the equations of type
Uy = Ullgy + U2 (6)

were constructed in [7]. In the article [8] it was showed that they can be presented
in the form

u=B(y)+ / [A(z) — ey 0=2d,

x=—-B(y)+ /[A(z) — ey]Yedz.

To integrate the above equations we can apply the parametric representation

u=A(a)+U(a,7), y=B(a)+V(a,T). (7)
Using the formulas
Uy = &, Uy = Uy + UrTy
Yr

we get after the substitution in (6) the conditions

dB V.U; U 102
A(:E):% and Um——<v > +U<V> —5720-
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So we get one equation for two functions U(z,7) and V(z,7). Any solution of
this equation determines the solution of equation (6).

Let us consider some examples.

x7?
A=B=0, U:2T—7, V =a7 —2In(7).

Using the representation U = 7w, —w, V =w, it is possible to obtain other
solutions of this equation.

The equation Jac = g9ec — 92/2 can be integrated in explicit form and the
solutions are

dz dz
R B SRR E A R VIE R
with arbitrary functions H(a) and A(z).
In fact, for A(z) = z we have
dz 1 1
= _H +/7:_H’ - - -
g (a) [z + 3a]? =3 2 + 3a]?

and
dz 1

c=H(@a)+ | ————=H(a) — ———— .
(@) /[z+%a]2 (@ [z + 3a]3
As result we get the solution.

Remark 2. In general case the equation  gace + 99ccc = 0 s equivalent to the
equation
1
Gac + 99cc — 50¢° = Bla) .
It can be integrated with the help of Legendre transformation as in the previous case.
Really, we get

(€ + iy — w)? — 26 + 2B(we)wee — 2wy = 0

and the relation
2R§ = [R2 + 2B(u)§)w§§.
It can be written in the form

dR  ,
255 = B +2B(Q)

using the notation we = (1.

Proposition 2. In the case h # 0 and g = g(a,c) the system (3) is equivalent to

the equation
0u(gr)... = 0:(6) .= ®

where
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To integrate this equation we use the presentation ¢ = Q(0,a). From the
relations
1=060, 0=Q0,+

we get
1 Q. Q. 1
c= A a =™ T —(Qa)cce + = (Qa)cca = 1.
) % C) % and Q@( )eee + Q@( )
Now we get

Qa@ K@

Qge = = (InQ a:Ka Qacc:—a

0% (InQe) %
Ko 1 Ko Q. Ko

Qaccc: o /9q Qacca: o _Ja— o4 o /6
((ogs: (e = (52— oe(g)e
As a result the equation (8) takes the form

[(ln gz)ag]a — 9)

and can be integrated by the substitution Q(0,a) = A,. So, we get the equation

Aoo = gAY +a(©)A + B(O)A(®) +1(©) (10)

with arbitrary coefficients «, 3, 7.
Let us consider the following examples.
l.a=g=~7v=0
The solution of equation (10) is

A = A(a) — 64/ B(a) — é@

B/ 312
C:A/—?)i or ©=3B—-27T——

JB-1e (e~ A

This solution corresponds to the equation

0 1 3 A, (B A” AP A'B”
n_ _-a _ / Il Y/ 2 / " _
Y= we” ter” T\m e ) T T B

and we get

cubical in the first derivative ' with arbitrary coefficients A(a), B(a). This equation
is equivalent to the equation b’ =0 under a point transformation.
In fact, from the formulas

0
L= 8_y(a4y + 3&2&4) — %(2a3y — ao; + a1a4) — 3a3(2a3y — agx) — Q40Q1y,
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L2 = %(alx — 3(11@3) + %(agy — 2a9; + a1a4) — 3a2(a3y — 2&25(;) + 104y

which determine the components of projective curvature of the space of linear ele-
ments for the equation in the form

y!! + ay(x, y)y/3 + 3ag(x, y)y'2 + 3as(z,y)y’ + as(z,y) =0

we have

1 A/ A/2 B//
ai(r,y) = 188" az(w,y) = 188"’ az(w,y) = 188’ 3B
3
ABT AT
B’ 18B’
and conditions L; =0, Ly =0 hold.
This means that our equation determines a projective flat structure in the space
of elements (z,y,y").

as(z,y) =

Remark 3. The conditions L1 =0, Ly =0 correspond to the solutions of the
equation (3) in the form

g(a,b,b) = A(a, b))t + 3B(a, b)b'* + 3C(a, )b + D(a, b).

In general case the equation (2) with condition (3) determines the 3-dimensional
FEinstein-Weyl geometry in the space of linear elements (a,b,b').

For more general classes of the form-invariant equations the notion of dual equa-
tion is introduced by analogous way.
For example, for the form-invariant equation of the type

Pa(b)0" = Poys(b') =0,

where P, (V') are the polynomials of degree n in &’ with coefficients depending on the
variables a, b, the dual equation " = g(a,b,t’) has the right-hand side g(a,b,d)
in the form [9]

wn+4 wn—i-?» ¢4
Ynts  Ynypa o U5

=0,
Yonta Yon43 - Pnta
where the functions v; are determined with the help of the relations
2

d d d
4'¢4 = _@gcc + 4%9!)0 - gc(4gbc - %gcc) + 3gbgcc - 6gbb,

) d . . :
21/}7; = %wi—l — (Z — 3)901/17;—1 + (l - 5)gbwi—27 i>4.
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For example, for the equation 2yy” — y'* —y/> =0 with the solution

r=a(t+sint)+b, y=a(l—cost)

we have the dual equation b" = —tan(b'/2)/a.

According to the above formulas for n = 1 we get

3 C 2 C 3 15 & 2 C 4
4'¢4:ﬁtan§(l + tan 5) s 5'¢5:_Mtan§(l + tan 5) ,
90 c 9 C\5
6lg = %tan 5(1 + tan 5) ,
and the relation
g — hutpg = 0

is satisfied.
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