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The centre-focus problem for analytical systems of

Lienard form in degenerate case

Le Van Linh, A.P. Sadovskii

Abstract. For analytical systems of Lienard form in the case of zero eigenvalues
of its linear part is obtained the algebraic criterion of the centre existence, which is
analogous to the Cherkas’s criterion for systems with imaginary eigenvalues of linear
part. We give the solution of centre-focus problem for one class of cubic systems.
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1 Introduction

For analytical systems of Lienard form in the case of pure imaginary eigenvalues
of linear part L.A.Cherkas gives effective necessary and sufficient conditions of alge-
braic character for the centre existence [1–3]. For example, for the Lienard system

ẋ = y, ẏ = −xf(x) + xg(x)y, (1)

where f, g are analytical in the neighborhood of x = 0 functions, f(0) = 1, he
received the following result

Theorem 1. [1] The origin of coordinate system (1) is a centre if and only if the
system of equations

F (x) = F (y), G(x) = G(y),

where F (x) =
∫ x
0

t f(t)dt, G(x) =
∫ x
0

t g(t)dt, has an analytical in the neighborhood
of x = 0 solution y = ϕ(x), ϕ(0) = 0, ϕ′(0) = −1.

For the systems of type (1), where f(x) = x2nf1(x), f1(0) = 1, the theorem
analogous to Theorem 1 was proved in [4, 5].

In the present article we consider the system of differential equations

dx/dt = y, dy/dt =
3

∑

i=0

pi(x)yi, (2)

where pi(x) are analytical in the neighborhood of x = 0 functions of the form

p0(x) = −x2n−1 +

∞
∑

k=2n

akx
k, p1(x) = Axn−1 +

∞
∑

k=n

bkx
k,
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pj(x) =

∞
∑

k=0

αk,jx
k, j = 2, 3. (3)

If 4n − A2 > 0, then the critical point O(0, 0) of system (2) is either a centre or
a focus [4, 6]. We know [4,7] that there exists a formal transformation

x = u +

∞
∑

i+j=2

αi,ju
ivj , y = v +

∞
∑

i+j=2

βi,ju
ivj , (4)

dt = (1 +

∞
∑

i+j=1

γi,ju
ivj)dτ

which transforms (1) to a formal system

du/dτ = v +
∑

k=n

Aku
k, dv/dτ = −u2n−1, (5)

where An = A/n.

Theorem 2. [7] The critical point O(0, 0) of system (2) is a centre if and only if
A2i+1 = 0, i = [n/2], [n/2] + 1, . . . , in (5).

Definition 1. The critical point O(0, 0) of system (2), where pi are analytical func-
tions of (3) type with complex coefficients, is called a centre if there is a formal
transformation (4) which transforms (2) to system (5), where A2i+1 = 0, i =
[n/2], [n/2] + 1, . . .

In the present paper we will show the algebraic criterion of the existence of the
centre of the system (2) and will give the solution of centre-focus problem for the
system

ẋ = y(1 + Dx + Px2), ẏ = −x3 + Axy + By2 + Kx2y + Lxy2 + My3, (6)

where A,B,C,D,K,L,M are complex constants.

The solution of centre-focus problem for the system (6) where D = P = 0 is
contained in [4, 8]. There are many works in which the centre-focus problem is
solved for various classes of cubic systems in the case of imaginary eigenvalues of
linear part (e.g.[9]-[23]).

2 The algebraic criterion for the existence of a centre

Theorem 3. The critical point O(0, 0) of system (2) is a centre if and only if the
system of equations

F1(x) = F1(y), F2(x) = F2(y) (7)

or the system

F1(x) = F1(y), F3(x) = F3(y), (8)
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where F1 = Q3
2/Q

5
1, F2 = Q3

3/Q
7
1, F3 = Q4/Q

3
1,

Q1 = 2p3
1 − 9p0p1p2 + 27p2

0p3 + 9p1p
′

0 − 9p0p
′

1,

Q2 = Q1R − p0Q
′

1, Q3 = 5Q2R − 3p0Q
′

2,

Q4 = 7Q3R − 3p0Q
′

3, R = p2
1 − 3p0p2 + 3p′0,

has a solution y = ϕ(x), where ϕ(x) is an analytical in the neighborhood of x = 0
function such that ϕ(0) = 0, ϕ′(0) = −1 (we do not exclude the case when one or
both equations of systems (7), (8) turn to the identity).

Proof. Necessity. Suppose that the critical point O(0, 0) is a centre for system
(2). The change

y = z/[v(x)(1 + z)], (9)

where v(x) is the solution of the differential equation

v′ = −p3(x) − p2(x)v − p1(x)v2 − p0(x)v3 (10)

with the initial condition v(0) = 1, and the elimination of the time transform the
system (2) to the equation

v(x)zz′ = p0(x)v3(x) + [p1(x)v2(x) + 3p0(x)v3(x)]z+

+[p1(x)v2(x) + 2p0(x)v3(x) − p3(x)]z2. (11)

Then, the change z = α(x)w, where α(x) is the solution of the differential equation

α′v(x) = α[p1(x)v2(x) + 2p0(x)v3(x) − p3(x)], (12)

with α′(0) = 1, transforms (11) into the equation

ww′ = f(x) + g(x)w, (13)

where f(x) = p0(x)[v(x)/α(x)]2 , g(x) = [p1(x) + 3p0(x)v(x)]v(x)/α(x). From the
theorem 19.7 from [4] we conclude that O(0, 0) of the equation (13) is a centre if
and only if the system of equations

F (x) = F (y), G(x) = G(y),

where F (x) =
∫ x
0

f(t)dt, G(x) =
∫ x
0

g(t)dt, has an analytical in the neighbourhood
of x = 0 solution y = ϕ(x), ϕ(0) = 0, ϕ′(0) = −1. Thus, in the examined case we
have

F (x) = F [ϕ(x)], G(x) = G[ϕ(x)]. (14)

From (14) it follows that

f(x) = f [ϕ(x)]ϕ′(x), g(x) = g[ϕ(x)]ϕ′(x). (15)

From (15) we get that ω0(x) = ω0[ϕ(x)], where

ω0(x) = f(x)/g(x) = p0(x)v(x)/[α(x)(p1(x) + 3p0(x)v(x))].
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The differentiation of ω0(x) taking into account (10), (12) gives

ω′

0(x)/g(x) + 2/9 = Q1(x)/[9(p1(x) + 3p0(x)v(x))3]. (16)

From (16) we have ω1(x) = ω1[φ(x)], where

ω1(x) = Q1(x)/[p1(x) + 3p0(x)v(x)]3. (17)

The derivation of (17) gives us

ω′

1(x)ω0(x)/g(x) − ω2
1(x)/3 − ω1(x)/3 = −Q2(x)/[p1(x) + 3p0(x)v(x)]5.

Consequently, ω2(x) = ω2[ϕ(x)], where

ω2(x) = Q2(x)/[p1(x) + 3p0(x)v(x)]5. (18)

Then (18) gives

ω′

2(x)ω0(x)/g(x) − 5ω1(x)ω2(x)/9 − 5ω2(x)/9 = −Q3(x)/[3(p1(x) + 3p0(x)v(x))7].

Thus, ω3(x) = ω3[ϕ(x)], where

ω3(x) = Q3(x)/[p1(x) + 3p0(x)v(x)]7. (19)

The derivation of (19) gives

ω′

3(x)ω0(x)/g(x) − 7ω1(x)ω3(x)/9 − 7ω3(x)/9 = −Q4(x)/[3(p1(x) + 3p0(x)v(x))9].

Hence, ω4(x) = ω4[ϕ(x)], where

ω4(x) = Q4(x)/[p1(x) + 3p0(x)v(x)]9. (20)

From (17), (18) we have F1(x) = F1[ϕ(x)], from (17), (19) we have F2(x) = F2[ϕ(x)],
and from (17), (20) we have F3(x) = F3[ϕ(x)]. The necessity is proved. The suffi-
ciency is proved in the same way [2].

For system (2), where p3(x) = 0, we have the following result.

Theorem 4. The critical point O(0, 0) of system (2) in the case of p3(x) = 0 is a
centre if and only if the system of equations

W1(x) = W1(y), W2(x) = W2(y), (21)

where W1 = (p0p1p2 − p1p
′

0 + p0p
′

1)/p
3
1, W2 = W ′

1p0/p
2
1, has a solution y = ϕ(x),

where ϕ(x) is an analytical in the neighbourhood of x = 0 function, ϕ(0) = 0,
ϕ′(0) = −1 (we do not exclude the case when one or both equations of system (21)
turn into the identities).
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3 The solution of centre-focus problem for system (6)

Together with system (6) we will examine the equation

yy′ =
3

∑

i=0

pi(x)yi, (22)

where

p0(x) = −x3/(1 + Dx + Px2), p1(x) = (Ax + Kx2)/(1 + Dx + Px2),
p2(x) = (B + Lx)/(1 + Dx + Px2), p3(x) = M/(1 + Dx + Px2).

By the method [4,7] we find a formal change for system (6)

x = u +

∞
∑

i+j=2

αi,ju
ivj , y = v +

∞
∑

i+j=2

βi,ju
ivj , (23)

which transforms (6) to the system

du/dt = v +

∞
∑

i=2

diu
i, dv/dt = −u3 +

∞
∑

i=4

hiu
i. (24)

If in (23) α0,j = β0,j = 0, j = 2, 3, . . . , then all di, hi in (24) are defined uniquely.
In this case in (22)

d2 = A/2, d3 = A(B + D)/6 + K/3,
d4 = A(B + D)(2B + D)/24 + K(B + D)/4 + A(L + 2P )/24,
d5 = A(B + D)(2B + D)(3B + D)/120 + K(B + D)(11B + 7D)/60+

AL(7B + 5D)/120 − M(A2 − 18)/30 + AP (3B + 2D)/30 + K(L + 2P )/15;
h4 = −(B + 3D)/2, h5 = −(B + D)(B + 5D)/4 − P,
h6 = −(B + D)(B2 + 9BD + 6D2)/8 + L(B − 5D)/24 − AM/6 − P (3B + 4D)/2;

di, i = 6, 15, are polynomials of A,B,D,K,L,M,P, which consist accordingly of
27, 47, 75, 117, 172, 251, 350, 485, 651, 869 addends; hi, i = 7, 16, are polynomials,
which consist accordingly of 17, 27, 45, 67, 102, 145, 208, 284, 391, 518 addends.

The change of u1 = ϕ(u) = u(1 −
∑

∞

k=4
hku

k−3)1/4, dτ = (1 −
∑

∞

k=4
hku

k−3)dt
reduces system (24) to the form

du1/dτ = v +
∞

∑

k=2

dk[ϕ
−1(u1)]

k = v +
∞
∑

k=2

Aku
k
1 , dv/dτ = −u3

1. (25)

The values fi = A2i+1, i = 1, 2, . . . , where A2i+1 is from (25) will be called the
focus values of system (6). Focus values fk, k = 1, 2, . . . , are the polynomials from
the ring C[K,M,L,P,D,B,A]; fi, i = 1, 7, contain accordingly 3, 15, 47, 117, 251,
485, 869 addends.

Let’s generate the ideal [24] I = 〈f1, f2, ..., fk, ...〉 ⊂ C[K,M,L,P,D,B,A]. Let
us denote by V(I) the variety of ideal I [24], i.e. V(I) = {a = (K,M,L,P,D,B,A) ∈
C

7 : for anyf ∈ I, f(a) = 0}.
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Definition 2. The set W = V(I) is called the variety of the centre of system (6).

It is obvious that O(0, 0) of system (6) is a centre if and only if a ∈ W.
The focus values fk, k = 1, 7, can be found with the help of computer system

Mathematica 4.1. Instead of focus values fk, k = 1, 7, we will examine

g1 = 15f1 = A(B − 2D) + 5K, gk = fk(mod〈g1, ..., gk−1〉), k = 2, 7.

The values gk can be found with the help of the division algorithm [24]. We have

g2 = A(B − 2D)(B2 − 9BD + 4D2) + 10AL(3B − D) − 25M(2A2 − 21)−
5AP (13B − 6D),

g3 = A(B − 2D)2(2B + D)(19B2 + 389BD − 204D2) − 1250AL2(3B − D)−
125AL(B − 2D)(17B2 − 3BD − 2D2) + 5625M(−7B2 − 2BD + 12D2+
20L − 45P ) + 125AP (B − 2D)(53B2 + 16BD − 24D2)+
625AP [P (29B − 18D) − L(B − 2D)].

Let us note that gk, k = 4, 7, contains accordingly 51, 90, 143, 211 addends. In
so doing I = 〈f1, ..., fk, ...〉 = 〈g1, ..., gk , ...〉. We put Ik = 〈f1, ..., fk〉. Then Ik =
〈g1, ..., gk〉.

Theorem 5. The variety of the centre of system (6) can be represented in the form
W = V(J1)

⋃

V(J2)
⋃

...
⋃

V(J14), where

J1 = 〈A, M, K〉, J2 = 〈B, D, M, K〉 , J3 = 〈B − 2D, L − 2P, M, K〉,
J4 = 〈3B − D, P − 2B2, M, AB − K〉,
J5 = 〈(B − 2D)(B + 3D) + 25P, (B − 2D)(3B − D) + 25L, M, A(B − 2D) + 5K〉,
J6 = 〈2B − D, 9B2 − 25P, 3B2 + 25L,M, 3AB − 5K〉,
J7 = 〈17B − 4D, 9B2 − 2P, 3B2 − 2L, M, 3AB − 2K〉,
J8 = 〈7B − 4D, B2 + 2P, B2 + L, M, AB − 2K〉,
J9 = 〈A2 − 6, 3(B − 2D)(3B + 4D) + 100P, A(17B − 4D)(B − 2D)2 + 4500M,

B(B − 2D) + 5L, A(B − 2D) + 5K〉,
J10 = 〈A2 − 6, 3(B − 2D)(3B − D) + 25P, (17B − 9D)(B − 2D) + 25L,

2A(B − 2D)2(2B − D) + 225M, A(B − 2D) + 5K〉,
J11 = 〈A2 − 6, (3B − D)(3B + 4D) + 25P, 11B2 + BD + 4D2 + 25L,

2A(7B − 4D)(2B + D)2 + 1125M, A(B − 2D) + 5K〉,
J12 = 〈A2 − 6, 3B − D, 3(2B2 + L) − 4P,AB(2B2 − P ) − 9M, AB − K〉,
J13 = 〈A − 3, (B − 7D)(B − 2D) + 25(L − 2P ), 3(B − 2D) + 5K,

− (B − 2D)2(B + 3D) − 25P (B − 2D) + 125M〉,
J14 = 〈A + 3, (B − 7D)(B − 2D) + 25(L − 2P ), −3(B − 2D) + 5K,

(B − 2D)2(B + 3D) + 25P (B − 2D) + 125M〉

and V(Ji), i = 1, 14, are irreducible.

Proposition 1. If 2A2 − 7 = 0, 3B − D = 0, 3B2 − P = 0, 2B2 − L = 0, AB3 +
14M = 0, AB − K = 0, B 6= 0, then O(0, 0) of system (6) is a focus of 8th order.

Proof. In the examined case the system (6) looks as

ẋ = y(1+3Bx+3B2x2), ẏ = −x3+Axy+By2+By(Ax2+2Bxy−AB2y2/14), (26)
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where A2 = 7/2, B 6= 0. There exists a change (4) which reduces (26) to the system

du

dτ
=v + A(u2/2−55B6u8/25088−5445B12u14/314703872−55B15u17/161308784

−28655B18u20/281974669312 − 3267B21u23/374283822640 + ...),
dv

dτ
= −u3.

Hence, the focus values fk = 0, k = 1, 7, but f8 6= 0, i.e. O(0, 0) is a focus of 8th

order of system (26).

Lemma 1. Consider M = 0. Then the variety of the centre of the system (6) is
shown as V1 = V(J1)

⋃

V(J2)
⋃

...
⋃

V(J8).

Proof. Let us make the ideal J0 = I7 + 〈M〉. We compute the Groebner basis of
J0 with lex-ordering with the order K > M > L > P > D > B > A and get

J0 = 〈A(7B−4D)(17B−4D)(B − 2D)(2B − D)(3B − D)2[(B − 2D)(B + 3D)+
25P ], −A(B − 2D)[(B − 2D)(B + 3D)+25P ](4427B4−5798B3D + 2805B2D2−
608BD3 + 48D4 + 125B2P ), A(B − 2D) [ (B − 2D)(B + 3D) + 25P ] [2(157B3−
157B2D + 69BD2 − 16D3) − 25P (4B − 3D)], A[(B − 2D)(B2 − 9BD + 4D2)+
10L(3B − D) − 5P (13B − 6D)], A [2 (B − 2D)(156B4 − 1823B3D + 569B2D2−
142BD3 + 96D4) + 6250BL (2B2 − P ) − 125P (239B3 − 101B2D + 56BD2−
20D3) + 625P 2(23B − 6D)], M, A(B − 2D) + 5K〉.

Hence, V(J0) = V(J1)
⋃

V(J2)
⋃

...
⋃

V(J8). Let us show then that on the set V(J0)
the equation (22) and so the system (6) have a centre in O(0, 0). Indeed, on the sets
V(J1), V(J2) we find the cases of symmetry and therefore the equation (22) has a
centre in O(0, 0). To prove the existence of the centre on the sets V(Jk), k = 3, 8,
we will use Theorem 4. On the set V(J4) for equation (22) the functions W1, W2

from (21) look like

W1(x) = 2/A2 − Lu(x)/A2, W2(x) = −2B2Lu2(x)/A4 + 2Lu(x)/A4,

where u(x) = x2/(1 + Bx)2. Consequently, the equation (22) in this case has a
centre in O(0.0). On the sets V(J3), V(J5) the existence of the centre follows from
the fact that W1 = 2/A2. On the set V(J6)

W1(x) = 2/A2 − 18B2u(x)/A2, W2(x) = 36B2u(x)/A4 − 972B4u2(x)/A4,

where u(x) = x2(5 + Bx)/(5 + 3Bx)3; O(0, 0) of the equation (22) is a centre. On
the set V(J7) the equation (22) has a centre in O(0, 0) because

W1(x) = 2/A2 − 9B2u(x)/A2, W2(x) = 18B2u(x)/A4 − 243B4u2(x)/A4,

where u(x) = x2(1 + 2Bx)/(2 + 3Bx)3. On the variety V(J8)

W1(x) = 2/A2 − 9B2u(x)/A2, W2(x) = 18B2u(x)/A4 − 243B4u2(x)/A4,

where u(x) = x2/(2 + Bx)3; O(0, 0) of the equation (22) is a centre.
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Lemma 2. Consider A2 − 6 = 0. Then the variety of the centre of system (6) can
be shown in the following way:

V2 = V(J2 + 〈A2 − 6〉)
⋃

V(J3 + 〈A2 − 6〉)
⋃

V(J4 + 〈A2 − 6〉)
⋃

V(J5 + 〈A2 − 6〉)
⋃

V(J9)
⋃

V(J10)
⋃

V(J11)
⋃

V(J12).

Proof. When we compute the Groebner basis of the ideal S = I7 + 〈A2 − 6〉 we
have S = 〈h1, ..., h27〉, where

h1 = A2 − 6, . . . , h4 = (B − 2D)(3B − D)4[(B − 2D)(B + 3D) + 25P ][(3B − D)×
(3B+4D)+25P ][3(B−2D)(3B−D) + 25P ][3(B − 2D)(3B + 4D)+100P ], . . . ,

h7 =−B5(B−2D)(3B−D)[(B−2D)(3B−D)(1701B6−78732B5D+538335B4D2−
584060B3D3 − 7860B2D4 + 285408BD5 − 69696D6) − 5000BDL(9B − 8D)×
(4B−3D)(3B−D)(9B+2D)+625P (3B−D)(135B5 +4617B4D − 6230B3D2−
2508B2D3 + 7848BD4 − 2016D5) + 625P 2(B − 2D) (6489B3 + 22071B2D−
14852BD2 + 8D3) + 390625P 3(63B2 − 6BD − 56D2 + 108P )], . . . ,

h24 =−(B−2D)(213B4−804B3D−1663B2D2+2734BD3−792D4)−125L(21B3+
79B2D − 168BD2 + 52D3) + 6250L2(3B − D) + 125P (29B3 + 173B2D−
310BD2 + 96D3) − 3125LP (21B − 8D) + 2500P 2(22B − 9D), . . . ,

h26 = A(B − 2D)(B2 − 9BD + 4D2) + 10AL(3B − D) + 225M − 5AP (13B−6D),
h27 = A(B − 2D) + 5K.

Hence, V(S) = V2. From Lemma 1 it follows that on the set V(Jk + 〈A2 − 6〉),
k = 2, 5, O(0, 0) of the equation (22) is a centre. On the sets V(Jk), k = 9, 12, the
presence in O(0, 0) of the centre of the equation (22) follows from the fact that here
F2 = 0, where F2 is from (7).

Remark 1. On the set V(J9) the system (6) has the integrating factor of Darboux
form R1(x, y) = [1− 3(B − 2D)x/10]1/3[1+ (3B +4D)x/10]−1/[x4 −Ax2y +2y2 +
(B − 2D)(Ax2 − 4y)xy/5 + 2A(B − 2D)3xy3/1125 − (B − 2D)2(Ay − 12x2)y2/150],

since
∂

∂x

[

y(1 + Dx + Px2)R1(x, y)
]

+
∂

∂y

[

(−x3 + Axy + By2 + Kx2y+

Lxy2 + My3)R1(x, y)
]

= 0. On the sets V(J10), V(J11), V(J12) the integrating
factors of the system (6) are, accordingly, the functions R2(x, y), R3(x, y), R4(x, y),
where

R2(x, y) = [1−3(B−2D)x/5]−1/3 [1 + (3B−D)x/5]−1/[x4−Ax2y + 2y2 + (B−2D)×
(Ax2 − 4y)xy/5 + 2A(B − 2D)3xy3/1125 − 2(B − 2D)2(Ay − 3x2)y2/75],

R3(x, y) = [1−(3B−D)x/5]1/3[1+(3B+4D)x/5]−1/3/[x4−Ax2y+2y2 + (B − 2D)×
(Ax2 − 4y)xy/5 + 2(B − 2D)2x2y2/25 − 2A(2B + D)2y3/75 + 2A(7B − 4D)×
(2B + D)2xy3/1125],

R4(x, y) = [1 + 3Bx + 3(2B2 + L)x2/4]−1/3/[x4 − Ax2y + 2y2 − Bxy (Ax2 − 4y)+
A(3L − 4B3x)y3/18 − B2(Ay − 6x2)y2/3].

Remark 2. On the sets V(Jk), k = 9, 12, the change (9), where v(x) (v(x) 6= 0) is,
accordingly, the function of the type
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v(x) = A[1 − (B − 2D)x/5 − (1 − 3(B − 2D)x/10)2/3 ]/(3x2),

v(x) = A[1 − (B − 2D)x/5 − (1 − 3(B − 2D)x/5)1/3]/(3x2),

v(x) = A[1 − (B − 2D)x/5 − (1 − (3B − D)x/5)2/3(1 + (3B + 4D)x/5)1/3]/(3x2),

v(x) = A[1 + Bx − (1 + 3x(4B + (2B2 + L)x)/4)1/3]/(3x2),

transforms the equation (22) to equation (11).

Lemma 3. Consider A2 − 9 = 0. Then the variety of the centre of system (6) is
shown as V3 = V(J13)

⋃

V(J14).

Proof. The ideal S0 = I7 + 〈A− 3〉 is represented through Groebner basis in the
following way: S0 = 〈q1, ..., q25〉, where

q1 = A − 3, q2 = −B7(7B − 4D)(17B − 4D)(2B − D)(3B − D)3[(B − 7D)×
(B − 2D) + 25(L − 2P )], . . . ,

q22 = [(B − 7D)(B − 2D) + 25(L − 2P )][563B3 + 87B2D − 1154BD2 + 456D3−
650L(3B − D) + 25P (161B − 72D)],

q23 = [(B − 7D)(B − 2D) + 25(L − 2P )][2(14661862B5 − 23476145B4D+
12603805B3D2−2621310B2D3−155240BD4+154016D5)−1543750BL(2B2−P )+
125P (160257B3−135683B2D+65508BD2−17240D3)−625P 2(8969B−3948D)],

q24 = A(B − 2D)(B2 − 9BD + 4D2) + 10L(3B − D) + 25M − 5P (13B − 6D),
q25 = 3(B − 2D) + 5K.

In this case V(S0) = V(J13). On the set V(J13) the equation (22) has a centre in
O(0, 0) because here Q1 = 0, and therefore, systems (7), (8) turn into the identities.
The case V(J14) is examined in the same way.

Remark 3. On the set V(J13) the system (6) has the integrating factor of Darboux
form R5(x, y) = fS2

2 fS3
3 /f3

1 , where

f1 = x2 − [1 − (B − 2D)x/5]y, f2 = 1 + (D + g)x/2,
f3 = 1 + (D − g)x/2, g2 = D2 − 4P,
S2 = (2B + D)[(2D − B)(D − g) − Pg(3D − 4B)/(D2 − 4P )]/(25DP ),
S3 = (2B + D)[(2D − B)(D + g) + Pg(3D − 4B)/(D2 − 4P )]/(25DP ).

On the set V(J14) the system (6) has the integrating factor R6(x, y) = fS2
2 fS3

3 /f3
0 ,

where f0 = x2 + [1 − (B − 2D)x/5]y.

Lemma 4. If

M(A2 − 6)(A2 − 9) 6= 0, (27)

then O(0, 0) of system (6) is a focus.

Proof. Finding Groebner basis of the ideal I7+〈A〉 we have I7+〈A〉 = 〈A,M,K〉,
i.e. when (27) holds in the case A = 0, O(0, 0) of system (6) is a focus. The ideal
I7 + 〈B〉 via Groebner basis looks as

I7 + 〈B〉 = 〈B,−A(A2 − 6)(A2 − 9)D11(6D2 − 25P ), . . . , 5K − 2AD〉.

After that we have
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I7 + 〈B,D(6D2 − 25P )〉 = 〈B,D(6D2 − 25P ),−AD7(A2 − 6)(2D2 + 25L),

64AD7(2D2 + 25L) − 474609375M3 , . . . , 2AD + 5K〉.

Consequently, when B = 0 and (27) holds, system (6) has a focus in O(0, 0). We
find the ideal I7 + 〈3B − D〉 in the form

I7 + 〈3B −D〉 = 〈3B −D,AB13(A2 − 6)(A2 − 9)(2A2 − 7)(P − 2B2), . . . , AB −K〉.

Moreover,

I7 + 〈3B − D,B(2B2 − P )〉 = 〈3B − D,B(2B2 − P ),M3, . . . , AB − K〉

and

I7 + 〈3B − D, 2A2 − 7〉 = 〈2A2 − 7, 3B − D,B7(2B2 − P )(3B2 − P ), AB − K,

−B(2B2 − P )(3B2 − P )2,−B(2B2 − P )(B2 − 2L + P ), AB(2B2 − P ) − 14M〉.

Hence, taking into account Proposition 1, we conclude that when 3B − D = 0 and
(27), O(0, 0) of system (6) is a focus. Since

I7 + 〈B − 2D〉 = 〈B − 2D,−AB9(A2 − 6)(L − 2P ), . . . ,K〉,

I7+〈B−2D,B(L−2P )〉 = 〈B−2D,B(L−2P ), B8M,M(13B6−800M2), . . . ,K〉,

then when B − 2D = 0 together with the condition (27) the system (6) also has a
focus in O(0, 0). For the ideal I7 + 〈4B − 3D〉 the Groebner basis gives

I7 + 〈4B − 3D〉 = 〈4B − 3D,A(A2 − 6)(A2 − 9)B11(3P − B2), . . . , AB − 3K〉.

In this case

I7 + 〈4B − 3D,B(B2 − 3P )〉 = 〈4B − 3D,B(B2 − 3P ),

−A(A2 − 6)B7(B2 − 9L), 64AB7(B2 − 9L) − 4782969M3 , . . . , AB − 3K〉,

i.e. when 4B − 3D = 0 and (27) holds, O(0, 0) of system (6) is a focus. While
examining the ideal I7 + 〈2B + D〉, we have

I7 + 〈2B + D〉 = 〈2B + D,AB9(A2 − 6)(A2 − 9)(B2 − P )2, . . . ,K + AB〉.

Here

I7 + 〈2B + D,B(B2 − P )〉 = 〈2B + D,B(B2 − P ),M3, . . . , AB + K〉.

Consequently, when 2B + D = 0, O(0, 0) of system (6) is a focus. For the ideal
I7 + 〈2B − D〉 we find a representation in the form

I7 +〈2B−D〉 = 〈2B−D,AB9(A2−6)(A2−9)(9B2−25P )(21B2−25P ), ..., 3AB−5K〉.

In this case I7 + 〈2B − D,B(9B2 − 25P )(21B2 − 25P )〉 = 〈2B − D,B(9B2 −
25P )(21B2 − 25P ),−AB7(A2 − 9)(3B2 + 10L − 5P ),−432AB7(3B2 + 10L − 5P )−
390625M3, . . . , 3AB − 5K〉. So, in the case when relations (27) and 2B −D = 0 are
fulfilled, O(0, 0) of system (6) is a focus. So, when (27) holds and
AB(3B −D)(B − 2D)(4B − 3D)(2B + D)(2B −D) = 0, O(0, 0) is a focus. We will
assume that the condition

AB(3B − D)(B − 2D)(4B − 3D)(2B + D)(2B − D) 6= 0
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holds. Applying the change x = x1/B, y = y1/B
2, dt = Bdτ we will transform

system (6) to the form
dx1/dτ = y1(1 + Dx1/B + Px2

1/B
2),

dy1/dτ = −x3
1 + Ax1y1 + y2

1 + Kx2
1y1/B + Lx1y

2
1/B

2 + My3
1/B

3. (28)

System (28) shows that it is enough to study the system (6) when B = 1, and
then to change D,P,K,L,M for D/B,P/B2,K/B,L/B2,M/B3. Let us show that
when B = 1 A(A2 − 6)(A2 − 9)(D − 3)(2D − 1)(3D − 4)(D + 2)(D − 2) 6= 0, O(0, 0)
of system (6) is a focus.

Suppose the contrary, that O(0, 0) of system (6) is a centre. From g1 = 0 we
find K = A(2D − 1)/5. Taking into account A(D − 3) 6= 0 we get from g2 = 0
L = [−A(2D − 1)(4D2 − 9D + 1)− 25M(2A2 − 21) + 5AP (6D − 13)]/[10A(D − 3)].
Considering L we have gi = αihi/[A(D − 3)]i−2, i = 3, 7, where αi 6= 0,

h3 = 4A2(2D−1)2(3D + 1)(16D3−69D2 + 157D−157) + 625AM [10A2(2D − 1)×
(2D2 − 3D − 3) − 3(164D3 − 316D2 + 33D − 33)] + 15625M2(2A2 − 21)×
(2A2 − 57) − 250A2P (2D − 1)(10D3 − 33D2 + 63D − 62) − 3125AMP×
(28A2D − 54A2 − 348D + 549) + 1250A2P 2(2D − 1)(3D − 4),

hi, i = 4, 7, are polynomials in A,D,P,M . Taking into account h3 = 0, hi, i = 4, 7,
we show that hi = βivi/[(2D − 1)(3D − 4)]i−3, where pi 6= 0, vi, i = 4, 7, are
polynomials in A,D,P,M of the first degree with respect to P . We shall denote by
Rx(u, v) the resultant of polynomials u, v with respect to x. We have

Rp(v4, h3) = γ4A
2(A2 − 9)(D − 3)2(2D − 1)(3D − 4)Mr4,

Rp(v4, vi) = γiA
2(A2 − 9)(D − 3)2(2D − 1)(3D − 4)Mri, i = 5, 7,

where γi 6= 0, ri, i = 4, 7, are polynomials in A,D,M with integer coefficients. As
far as A(A2 − 9)(D − 2)(2D − 1)(3D − 4)M 6= 0, then ri = 0, i = 4, 7. In the same
way Rp(h3, vi) = δiA

2(A2 − 9)(D − 3)[(D − 3)(2D − 1)(3D − 4)]i−3Msi, i = 5, 7,
where δi 6= 0, si, i = 5, 7, are polynomials in A,D,M with integer coefficients. Here
is si = 0, i = 5, 7, too. Let us notice that r4, r5 are polynomials of 5th degree relative
to M , s5, r7 of 7th degree, r6, s6, s7 are of 6th, 9th, 11th degree, respectively. While
computing the resultant of polynomials r4, Sr5 + r6 relative to M we get

RM (r4, Sr5 + r6) = αA25(A2−6)3(2A2−21)4(D−3)13(D−2)(D + 2)4(2D − 1)19×
(3D − 4)4(4D − 17)(4D − 7)H2

0 [4405854208A5(D − 3)6(2D − 1)5(3D − 4)4T0+
196689920A4(D − 3)5(2D − 1)4(3D − 4)3]T1S − 26342400A3(D−3)3(2D − 1)3×
(3D − 4)2T2s

2 + 3528000A2(D− 3)2(2D − 1)2(3D − 4)T3s
3 − 472500A(D − 3)×

(2D − 1)T4s
4 − 253125H1T5s

5],

where α 6= 0, H1 = (A2 − 6)[28A4(2D − 1)(3D − 4) − 6A2(2596D2 − 9316D +
9459) + 9(13298D2 − 62623D + 80687)] − 81(D − 3)(622D − 1481), H0, Ti, i = 0, 5,
are polynomials in A,D with integer coefficients. If 2A2 − 21 = 0, then from
r4 = 0, s5 = 0, s6 = 0 we have

A2(D − 3)14(D − 2)(D + 2)4(2D − 1)18(3D + 1)2(4D − 17)(4D − 7) = 0.

Hence, (3D + 1)(4D − 17)(4D − 7 = 0). Since
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I7+〈2A2−21, B+3D〉 = 〈2A2−21, B+3D,B11P,P (104763912686092943360AB9−
131554676229558899887953MP 3), 186824475M(413P 3 +13056M2), ..., AB+3K〉,

I7 + 〈2A2 − 21, 17B − 4D〉 = 〈2A2 − 21, 17B − 4D,B7(33B2 − 8P )(9B2 − 2P ),
−71876935680M3 − 7AB(33B2 − 8P )(9B2 − 2P )(102952372707B4−
47325572912B2P + 5362662080P 2), . . . , 3AB − 2K〉,

I7 + 〈2A2 − 21, 7B − 4D〉 = 〈2A2 − 21, 7B − 4D,B7(5B2 − 8P )(B2 + 2P ),
AB(5B2 − 8P )(B2 + 2P )(56056383B4 − 124509840B2P + 66718400P 2)−
98014003200M3 , . . . , AB − 2K〉,

then when 2A2 − 21 = 0 and (27) holds, O(0, 0) of system (6) is a focus. If AB 6=
0, (17B − 4D)(7B − 4D) = 0, then the study of the system of equations gi = 0,
i = 1, 7, shows that if (27) is fulfilled, O(0, 0) of system (6) can be a centre only in
the case 2A2 − 21 = 0. So, when (17B − 4D)(7B − 4D) = 0 we have the case of
focus.

Let us examine now the case H0 = 0. To do this we find

RM (h3, vi) = µiA
30(A2 − 6)3(2D − 1)17(D − 3)10(D − 2)(D + 2)4(4D − 17)×

(4D − 7)[(2A2 − 21)2(D − 3)4(2D − 1)3]i−4Bi, i = 5, 6,

where µi 6= 0, B5 = T5C1, B6 = T0C2, C1 and C2 are polynomials in A,D, which
consist of 1273 and 2088 factors, respectively. Then we find

RA(H0, Bi) = λi(D − 3)14(2D − 1)59(3D−4)6(3D+1)2(4D−7)2(4D2 + 36D−
69)2(14D2 − 19D − 24)4(16D2 − 21D − 6)2(632D3 − 3408D2 + 6159D − 3994)×
(1456D3−11244D2+28752D−25247)(88D4−410D3+993D2−1792D+1256)×
(2184D5 − 7700D4 − 19135D3 + 102085D2 − 98789D − 3402)Ei, i = 5, 6,

where λi 6= 0, Ei, i = 5, 6, are coprime polynomials in D. Since (D−3)(2D−1)(3D−
4)(3D + 1)(4D − 7) 6= 0 only in the case (2A2 − 21)(A2 − 6) = 0, RA(H0, Bi) =
0, i = 5, 6, we can conclude that also when H0 = 0, O(0, 0) of system (6) cannot be
a centre. In the case when H1 = 0 the study of system H1 = 0, Ti = 0, i = 0, 4,
shows that O(0, 0) of system (6) is a focus. So, in the case when B = 1 and (27)
holds, O(0, 0) of system (6) can be a centre only when

Ti = 0, i = 0, 5. (29)

Let us find the real solutions of system (29), where A2 < 8. We have

Rz(Ts, Ti) = γi,0(D − 3)24(D + 2)3(2D − 1)22(3D − 4)2Θ0Bi,0, i = 0, 4,
where z = A2, γi,0 6= 0, Θ0 are polynomials in D of 66th degree whose coefficients
are coprime integer numbers of the order from 1077 to 10114, Bi,0, i = 0, 4, are
coprime polynomials in D of degree 690, 668, 657, 635, 613, respectively. Notice
that the polynomial Θ0 has 20 real roots.

On the other hand,

RD(T5, Ti) = γi,1(A
2 − 9)3(A2 − 6)2(7A2 − 30)12Θ3Bi,1, i= 0, 4,

where γi,1 6= 0, Bi,1, i = 0, 4, are coprime polynomials in A, Θ is a polynomial in
A of 44th degree which consists of terms in even degrees and whose coefficients are
coprime integer numbers of the order from 1032 to 1054.
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Let us introduce the vector q = (A,D). The system (29) has 18 real solutions
q = qi, where qi = (Ai,Di), i = 1, 9, qi+9 = (−Ai,Di), i = 1, 9, and

A1 = 2.48741..., A2 = A3 = A4 = 2.495479 . . . , A5 = A6 = A7 = 2.189944 . . . ,
A8 = 2.072126 . . . , A9 = 1.916074 . . . , D1 = 2.027444 . . . , D2 = 2.9540003 . . . ,
D3 = 2.990356 . . . , D4 = 3.008036 . . . , D5 = 0.617227 . . . , D6 = 1.954363 . . . ,
D7 = 5.659333 . . . , D8 = 4.479633 . . . , D9 = 3.057486 . . . .

Replacing qi, i = 1, 18, by ri, i = 4, 6, which was found from the system of equations
ri = 0, i = 4, 6, find M = Mi, i = 1, 18.

Then from v4 = 0 we find p = pi, i = 1, 18. Consider r = (A,D,K,L,M,P ).
Taking into account K,L which were found before, when B = 1, we have 18 real
solutions r = rk = (Ak,Dk,Kk, Lk,Mk, Pk), k = 1, 18, of the system of equations
gi = 0, i = 1, 6. Here ri+9 = (−Ai,Di,−Ki, Li,−Mi, Pi), i = 1, 9. Notice that Ai

are roots of the polynomial Θ, Di are roots of the polynomial θ0.
Let us show that g7|r=rk

6= 0, k = 1, 18 . We have

RM (r4, r7) = α0A
35(A2 − 6)3(2A2 − 21)5(D − 3)24(D − 2)(D + 2)4(2D − 1)29×

(3D − 4)12(4D − 17)(4D − 7)H2
0T6,

where α0 6= 0. Then we find RA2(T5, T6) = γ5,6(D−3)30(D+2)(2D−1)26(3D−4)2C0,
where γ5,6 6= 0, C0, is a polynomial in D of 997th degree whose coefficients are
coprime integer numbers of the order from 103009 to 103580. Since Θ0, C0 are
coprime polynomials in D, then v7|r=rk

6= 0, k = 1, 18. So, when (29) is fulfilled,
O(0, 0) cannot be a centre.

Proof of Theorem 5. The proof follows directly from Lemmas 1–4.

Proposition 2. When r = rk, k = 1, 18, B = 1, the critical point O(0, 0) of system
(6) is a focus of 7th order.

Proof. The proof follows from Lemma 4.

Theorem 6. For any ε > 0, δ > 0, k, (k = 1, 18) there exists r ∈ Uδ(rk),
where Uδ(rk) is a δ-neighbourhood of rk, such that system (6) with B = 1 has in
ε-neighbourhood Uε(0) of the point O(0, 0) 6 limit cycles.

Proof. The proof is analogous to the proof of Theorem 3 from [25], using Lemma
1 from [25].
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[23] Cozma D., Solution of the problem of the centre for a cubic differential system with three

invariant straight lines. Qualitative theory of dynamical systems, 2001, 2, 129 - 143.

[24] Cox D., Little J., O’Shea D., Ideals, Varieties, and Algorithms. Springer-Verlag, New-
Berlin-Hamburg, 1998.

[25] Ле Ван Линь, Садовский А.П., Проблема центра и фокуса для одной кубической

системы в случае нулевых собственных значений линейной части. Вестник БГУ.
Математика и информатика, 2002, 3, 75 - 80.

A.P. Sadovskii
Belarussian State University,
4 F.Skorina Avenue,
220050, Minsk, Belarus
e-mail: sadovskii@bsu.by

Received November 10, 2002


