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Algebraic equations with invariant coefficients in
qualitative study of the polynomial homogeneous
differential systems*

Valeriu Baltag

Abstract. For planar polynomial homogeneous real vector field X = (P, Q) with
deg(P) = deg(Q) = n some algebraic equations of degree n+1 with GL(2, R)-invariant
coefficients are constructed. A recurrent method for the construction of these coeffi-
cients is given. In the generic case each real or imaginary solution s; (i = 1,2,...,n+1)
of the main equation is a value of the derivative of the slope function, calculated for
the corresponding invariant line. Other constructed equations have, respectively, the
solutions 1/s;, 1 — ss, si/(si — 1), (si —1)/ss, 1/(1 — s;). The equation with the solu-
tions (n+ 1)s; — 1 is called residual equation. If X has real invariant lines, the values
and signs of solutions of constructed equations determine the behavior of the orbits
in a neighbourhood at infinity. If X has not real invariant lines, it is shown that the
necessary and sufficient conditions for the center existence can be expressed through
the coefficients of residual equation.

Mathematics subject classification: 34C05, 58F14.
Keywords and phrases: algebraic equation, invariant, differential homogeneous
system, qualitative study, center problem.

1 The homogeneous differential system

Let n > 1 be a positive integer, z,y : R — R be some unknown functions of
real variable ¢ such that z =z(t), y =y(t), (V)t €R, a;;, b ; be real numbers
for all positive integers i and j withi+j =n, CF= (2‘) be the binomial
coefficients for every positive integer k, 0 <k <mn.

Let us consider the polynomial homogeneous differential system

dx - n—

dt - Z Cgan—hkﬂ? kyk = Po(z,y),
k=0

dy = k n—k, k

dat chbn—k,kl’ y" = Qn(r,y). (1)
k=0

Let GL(2,R) be the group of non-degenerate linear homogeneous transforma-
tions. It is known that the homogeneous polynomials P,(z,y) and Q,(z,y) are
relatively prime iff the resultant u, of these polynomials is not equal to zero.
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Remark 1. The resultant u, is a GL-invariant of the degree 2n with respect to the
system (1) coefficients and with the weight equal to n® — n.

Remark 2. The homogeneous polynomial Fyy1(x,y) = yPp(z,y) — 2Qn(z,y) is a
G L-comitant of the degree n+1 with respect to variables x and y, of the degree 1 with
respect to the system (1) coefficients and with the weight equal to —1. The nontrivial
solutions of the equation Fy11(z,y) = 0 determine the system (1) invariant straight
lines (real or imaginary).

We suppose that
pn = Res (P, Qn) #0, Foui1(2,y) =yPu(z,y) — 2Qn(z,y) 0 (2)
and denote the following polynomials and functions:

OPu(z,y) . 0Qn(z,y)

Gnii(x,y) = zPy(x,y) + yQn(z,y), Th-i(z,y) =

Ox oy
| QLR R, )
¢: C\E, —C, (p(l’k)_Pn(l,k)’ Y: C\Ey, —C, w(s’l)_Qn(s,l)’ (3)

where E,={k|ke€C, P,(1,k) =0} and Ey, ={s|se€C, Qu(s,1) =0}. The
functions ¢ and v are called the slope functions for the system (1).

Remark 3. The homogeneous polynomial T,,—1(x,y) is a GL-comitant of the degree
n — 1 with respect to variables x and y, of the degree 1 with respect to the system (1)
coefficients and with the weight equal to 0.

Because the GL-comitant Fj,1(x,y) is not equal to zero identically, then there
exist constants u; € C and v; € C such that F,;11(z,y) has the factorization

n+1
Fopi(z,y) = [[(wiz +viy), uf+07 #0, (Vi=12....nn+1l (4
i=1
For v; # 0 (u; # 0) we denote by k; = —u;/v; (s; = —v;/u;) the roots of the
equation Fy41(1,k) =0 (Fht1(s,1) =0).
The discriminant D, ;1 of the homogeneous equation F,,11(z,y) =0 has the
form

2
Dn+1 = H di,j7 d@j = uivj — Uj’UZ'. (5)
1<i<yj<n+1

For j#k (k=1,2,...,n,n+1) we denote

n+1

fo= (=" T dry- (6)
j=1

From relations (5) and (6) follows
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Proposition 1. The discriminant D,11 has the factorization

n+1

7L(7L+1)
H fk - 2 Dn—l—l- (7)

Remark 4. Fach u; and v; have the same degree 1/(n + 1) and the weight equal,
respectively, to —1/(n+1) and n/(n+1). Each d;; has the degree 2/(n+ 1) and the
weight equal to (n — 1)/(n + 1), each f; has the degree 2n/(n + 1) and the weight
equal to n(n —1)/(n+ 1). The discriminant Dyy1 is a GL-invariant of the degree
2n with respect to the system (1) coefficients and with the weight equal to n? — n.

Let X; = w;x +v;y be the factor i (1 =1,2,...,n+1) in the factorization (4)
and X; = 0 be the equation of the corresponding invariant line.

Let p = (p1,p2,---sPnsPnt1) and ¢ = (¢1,492,---,qn,qn+1) be two symbolic
(n+ 1) - tuples of letters. Let us consider the symbolic differential operator

0 0 0
Q, = Pig- Thag et Pug P (8)

8 q2 aQn-i-l’

its powers Q™ = Q™ 1(Q!) for every positive integer m >2 and (n + 1)- tuples

w= (U1, U, .., Up, Upt1), v =(v1,V2,..., 0, Unt1),
f:(f17f27"'>fn7fn+1)7 92(917927"'agn7gn+1)- (9)

By using the differential operator (8) for (n+ 1)- tuples u and v from (9) by condi-
tions (2) and (4) we obtain the following expressions for the system (1) coefficients:

bpo = —UiU2 ... UpUpy1, Aop = V1V2...VpUni1,
CF ap j=CF Vb p kg1 + (ki 1)!9’531(—1)”,0), 0<k<n-—1. (10)
Takes place
Lemma 1. For every 1 =1,2,...,n,n+ 1 the relations

Fop1(vi, —u;) =0, Qn(vi, —wi) = —wigs, Pn(vi, —u;) = vig;,

OFn 1 I = N
ay (Uu Uz)—vsz O (Uu uz)—uzfza

Gi1(vi, —u;) = (U +v3)gi, Tn1(vi,—u;) = (n+ 1)gi — fi,

i
fin = 9192 -+~ Gngnt1, 1= (Lk) =1—14'(s;,1) = g’
1 n
meg(glg2 Ce Gngny1) = fife oo fafan (11)
hold, where
n —b,
gi = (=DM'CR byppop M + O tno) vi's (12)

ou;
k=1 ¢
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Proof. The first two equalities from (11) are evident. From the identity
Fr1(vi, —u;) = —ui P (vi, —u;) — 0iQn (v, —u;) = 0

we obtain P, (v;, —u;) = v;g;. From the relations

1 1
OFpy1(2,y) _ Sr: uaFnJrl 0F,1(z,y) _ ni:v-aF"H
ox im1 ’ 8XZ ’ ay i1 ! OXZ

and (6) we obtain the identities

aFn+1 . . — . . aFn+1 . —_ . e . .
ay ('Uza uz)—'szu O ('Uu uz)—uzfz-

The relation for polynomial Gy41(x,y) results from the second and third equalities
from (11). For polynomial 7),_i(z,y) the following representation

OF, OF,
1y, Ot
dy ox

(2 + )1 (2,y) = (4 1)Gpy1 —

holds. From the last identity for = = v;, y = —u; we obtain the required relation
Tn_l(vi, —u,-) = (n + 1)gi — fz

From Remark 1, the obtained relations (11) and u? +v? # 0 it follows that each
equality g; =0 implies the relation p, = 0. From Remark 4, conditions (10) and
(12) it results that each addendum from g; has the weight and the degree equal,
respectively, to n(n —1)/(n+ 1) and 2n/(n + 1). So, the product gig2- ... gngn+1
has also the degree 2n with respect to the coefficients of the polynomials P, and
Q, and the weight equal to n? — n. Thus, f, =giga- ... “ gnGn+1-

Let D, 41 # 0. Because deg(F,+1) = deg(T,—1) + 2, then for v; # 0 or u; # 0 we
obtain, respectively, the equalities:

"il Toa(Lk) "il Tooa(sil)
We have
Toa(Lk) — Toa(Lk)  Toa(l,—uwi/v))
(Fog1)p(Liki)  vi(Farr), (LK) vi(Fasn), (L, —ui/v5)
T1(vi, —u;) _ (n+1)g — fi (13)
fi fi

Finally we obtain

Ti_:l(n—l-l)gi_fi_o nHQz‘_

RS 2 A RN = =1.
i=1 fi prl

The last equality gives us the last relation from (11). If D, = 0, then for some 7
and j (¢ # j) we have f; = f; = 0 and the required equality is trivial.
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From the obtained relations it follows that if u, # 0, then
Pg(’ui, )+Q (i, —u;) = (uz2+7)12)9z2 # 0.

For derivatives of the defined slope functions we obtain:
If v; #0, then F,41(1,k;) =0 and P,(1,k;) # 0. We calculate the derivative
of the function k — ¢(1,k) and determine the value of this derivative for k = k; :

L LE) = {k . w ] _ [kpnu,]f)(— Qu(l, k)}' _

n( 7k) n 17k)
[ (1K) } i1 (L R) P (1, k) — Frya(1,k) P (1, k)
Pgu,k) ’
1—¢'(1,k) = (11(1 k:) _ <81;1;+1( i7—ui)/Pn(vi,—ui)> - Zg = ;};_

If w; #0, then F,11(s;,1) =0 and Qu(s;,1) # 0. We calculate the derivative of
the function s —(s,1) and determine the value of this derivative for s=s;:

s 1) = |s P,(s,1) /: sQn(s,1) — Py(s,1) /:
-y = [s- 2] = [
B |:Fn+1(8, 1):|/ _ _FT/L+1(37 1)Qn(37 1) - Fn+1(37 1)Q;z(37 1)
Qn(s,1) Qn(s, 1) 7
e ) = (s ) (O e Y i i
1—'(s4,1) = Qn(si 1) = < O (vi, —u;) /Qn (vi, z)) = Uig; - g

So, it follows that the values of derivatives of the functions k—p(1, k) and s—(s,1)
for the invariant line X; = 0 are the same. Lemma 1 is proved.

Remark 5. Fach f; and g; have the same weight and the degree equal, respectively,
ton(n—1)/(n+1) and 2n/(n+ 1).

From Lemma 1 and (10) we obtain the equality

8F‘n+1 n . (_1)k k n—k, k
L g, ) = (o Dbt} + 3 (01— R, (<o)l k. (14)

k=1

2 Construction of algebraic equations with invariant coefficients

Methods of studying the behavior of the integral curves of the system (1) have
been developed by many authors (see [1,2,5-9,11, 14,21, 23-26, 30, 31, 36]). Using
Forster’s method (in polar coordinates), Shilov’s geometrical method or local charts
method (traditional method) the systems (1) with n = 1,2,3 were investigated
(see [10,12,19,22,26,35,40,41,44,45]). A classification of the system (1) with n = 2
by means of non-associative algebras was given in [16]. The algebraic and topological
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classifications of the system (1) with n =2 by means of quadratic transformations
and invariants were established in [32] and [37]. The Poincaré index method for
topological classification of system (1) was applied (see [17,18]).

The GL-comitants of the system (1) with n = 1,2,3 and the polynomial
basis of these comitants have been used for algebraic, topological and geometrical
classifications (see [20,28,29, 33,34, 38, 39,43,46)).

The problem under consideration is an important step in the qualitative inves-
tigation of behavior of integral curves: at infinity for planar polynomial differential
systems with maximal degree equal to n; near critical point (0,0) for planar poly-
nomial differential systems with minimal degree equal to n. Because of this, much
of the research in this area is dedicated to the investigation of the problem, usually
in local charts. The simplest (but nontrivial) way of investigation is to find the
algebraic classification of binary form F,,11(z,y) in coefficients terms (or invariant
terms) and to use the results for classification of the system (1) (see [38],[44]).

Our first goal is to show that it is possible to express the conditions which delimit
classes with different distributions of infinite singular points through affine invariants
and comitants without knowing the basis of the affine invariants and comitants of
the system (1). The second goal is to construct such invariants and comitants and
to determine the geometrical significance of these objects.

In this work we develope the method of construction and show that the neces-
sary and sufficient conditions for the center existence can be expressed through the
coefficients of the residual equation. The contribution idea is due to P.Curtz paper’s
(see [42]) and Hilbert’s symbolic operators (see [47]).

We verify our results by using Shilov’s, Forster’s and local charts methods for
the system (1) with n = 1,2,3. The constructed invariants determine the values
and the signs of the solutions and solve the problems of algebraical, topological and
geometrical classifications of given systems.

For every i =1,2,...,n4+1 we denote
&= g =1-¢'(1,k)=1-v"(s;,1) (15)
(2

such that every &; is a root of the algebraic equation

(91€ = fi)(g2€ — f2) - -+ - (gnt1§ — frt1) = 0.

By using the differential operator (8) for (n + 1)-tuples f and g from (9) the last
equation can be written in the form

to &M =t Mt T — L (D) 4 (1), =0, (16)
where
to=fn =09192 -+ Gn+1, ti :% }g (pn) for (V)i=1,2,...,n,
th=tnr1= (—1)""TV2 Doy = fifs e fara (17)

The equation (16) will be called the main equation of the system (1).
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Remark 6. For given solution & of the main equation the equations with solutions

1 ; ; — 1 1
—, 1—62, 5@ 5@

&i &—1 & 0 1-¢& (18)

can be constructed.

For example, if we put in (16) £ = 1—n, then obtain the equation with solutions
mi= ¢ (1,ki) =¢'(si,1) :

mo " —mi gt +me " — L+ (1) mp 4 (1) g =0 (19)
such that for every i =1,2,...,n we have
7 . n—1
mg =tg = Hn, Ty = Z (_1)T gj__ll:fn tr, Mn41 = Z (_1)T ty. (20)
r=0 r=0

Let us consider the following differential operator

where u and v are from (9). It is very easy to verify that ©'(Fj,11) = (n+1)F,41.
So, the differential operator (21) does not change the invariant straight lines of the
system (1).

From condition (2) and Euler’s formulae we have two representations for the
comitant F,,4i(x,y) :

Fn—i—l(‘ray) = ypn(%y) - xQn(‘Tay)7
OFn11(z,y) +$5Fn+1(l’ay)‘

oy ox (22)

(n+1)Fo(z,y) =y

It results from (22) that the differential operator (21) satisfies the relations

8Fn+1(3§‘,y) _8Fn+1(x>y)

1 —
O (Po(a,y)) = = B =

0! (Qn(z,y)) =

From the last equalities we obtain the following coefficients relations:
O (Cran—ix) = (k+1)(Cran—rr — Cpbpk—1541),
k=0,1,2,...,n—2,n—1, O (ag,) = (n + 1)agn,
ONClby—kk) = (N +1— k) (CEbp—ks, — CF  ans1-kp-1),
E=1,2,...,n—1,n, 0 (buo) = (n+1)bps1.
The equalities (k + 1)Ck*! = (n —k)CF and (n+1—k)CE~! = kCF imply the

following rules of derivation for system’s (1) coefficients:

O (an—k k) = (k+ Dan—rr — (n = k)bp—k—1.4+1,
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k=0,1,2,...,n—2,n—1, ©ag,) = (n+ 1agn,
O'(by—tp) = M+ 1= k)by_kr — k@ni1-k k-1,
k=1,2,...,n—1,n, ©Yb,go)=(n+1)byys1.

Finally we obtain the expression of the differential operator (21) in system’s (1)
coeflicients:

n—1
0 0
ol = k4 Dan_pr — (n—k)by_j_ Dag.y,——o
l;)[( + Dk — (0= k)bp—k—1,k+1] aan_mﬁr(Wr )ao, 8a0,n+
(n+1)by +zn: n+1—Fk)b,_ kk—k«‘anﬂ—kk—ﬂi- (23)
n,O =1 ' ' 8bn—k,k

Takes place

Theorem 1. The coefficients t (k=0,1,2,...,n) of the equation (16) are GL-
invariants of the degree 2n with respect to the system (1) coefficients and with the
weight equal to n®> —n such that

to = pin, Kty =0 (tp_1) —(n+1)(n+k—2)tp_1. (24)

Proof. From Remark 5 and (17) it follows that each coefficient ¢, k =
0,1,2,...,n, is a homogeneous and isobaric polynomial of variables f; and g;
(which are called irrational invariants). According to the results of invariant theory
(see [3],[4]) every isobaric and homogeneous polynomial of the invariants f; and
g; will be an invariant of the binary form F,i(z,y). Because F,ii(x,y) is a
comitant of the system (1) it results that each coefficient ¢, is a G L-invariant of the
system (1).

We express the operator (21) in the terms of f; and g;. Because ©'(u;) = u;
and ©'(v;) = v; we easily obtain that ©1(d; ;) = 2d;; and O(fi) = 2nf,. Now
we shall prove that ©'(g;) = (n — 1)g; + f;.

Let u; # 0. From conditions (10), (12) and (14) we obtain

n

O(gi) =Y (—D)MO(CF bpepov) Fub ™) + O(ur .. iU - U1 0]) =
k=1

n

(=D (n+ 1= k) (CEby— e — CEangr—pp— )0 Ful ™+
=1

3

k+1 ~k k k 1
+(n — 1) (—1) + Cn bn—k,kvln + 2nu1 U1 U4 - un+1vi" =
k=1

n k
1 -
(n—1)gi+(n+1)ug ... Uj—1Ujt1 - .. Up+10] + E ( k') (n+1—k)QF (bpo)o? Fub =
k=1 '
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1 aFn—l—l
— g + — -
(n—1)gi + " om

(vi, —u;) = (n — 1)g; + fi.

If u; =0, then v; #0 and from (12) g; = nbn_l,lv?_l F UL U Uit - Un O]
From (6) it results that d;; = —vju;, fi = u1... wi—1Uj41 ... Upp1v!  and
QL (uiug .. Uny1) = Up. . Ui_1Uig1 - . Unp1vi. So, for ©1(g;) we obtain

@1(92-) = n(C’,llbn_Ll—an,o)v?_l+(n—1)C’,1lbn_171v?_1+2nu1 U1 Ui] - U 10 =

(n—1)gi—nuy ... Ui—1Uig1 - . Upp10; +(n+1)Uy o U1 U1 - - U1 = (n—1)gi+ fi.

So, the formula for ©!(g;) is proved. Thus, the operator (21) can be written

n+1
0 0
1_ D + f ,
S —;{[(n Dgi + Fil 5 +2”flafi}‘ (25)
We show the recurrence (24) by induction. Let tg = pyp = g192 - - - - gngn+1- By

using the operator (25) we have

O'(to) = [(n—D)g1+ filgz - gk gnrr1+ o1 [(n—1)g2+ folgs - G- Gns1+

vt 9192 ge—a(n = Dgr + frlgre1 - Gt
9192 -Gk oo Gnl(n = D)gny1 + fop] = (n = 1)(n + D)to + 1.
So, t1 = O (tg)—(n—1)(n+1)ty and the recurrence (24) is true for k = 1. Now we
suppose that the recurrence (24) is true for every positive integer k= 1,2,...,m.

We shall prove the relation
(m A4 Dtmyr = O tm) — (n+1)(n +m — 1ty (26)

Every term of t,, is the product of m different factors from f and n+1-—m
different factors from ¢ such that the indexes of all factors of this term form a
permutation of {1,2,...,n+ 1}, for example P = fifo-...  frnGm+19m+2 - Gnt1-
The action of the operator ©! on the selected term generates 2nm + (n — 1)(n +
1—m)=(n+1)(n+m—1) terms equal with P and n —m different terms from
tm+1. So, among all the generated terms of t,, there exist exactly m + 1 equal
terms from t,,11. We obtain the equality (26). By the mathematical induction the
recurrence (24) is true for all k£ =1,2,3,...,n. Theorem 1 is proved.

Proposition 2. If D,y # 0, then the values 0; = g;/f; are the roots of the
equation

0" —t, 0ty 0V — 4 (D)t 0+ (—1)" T g =0. (27)
From Viette relations for the equation (27) and Lemma 1 results

Proposition 3. If D, 1 # 0, then the roots 6; of the equation (27) satisfy the

equality
D Op=1. (28)
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Lemma 2. If D, 1 #0, then the system (1) has the first integral of the form
(urz 4+ v19)% (ug 4+ v2y)?2 - .. (U 4+ V) (Upg12 4+ vpr1y)? = ¢, (29)
where 0; (i =1,2,...,n+ 1) are the roots of the equation (27).

Proof. Let D,i1 # 0. After substitution y = xz the corresponding to the
system (1) differential equation has the form

Cdx _ Py(1,2)dz

T Foa(1,2)
For polynomial P,(z,y) Lagrange’s interpolation formulae is applicable :

(ugw + voy) (usz + v3y) . . . (Up41T + Vng1y)
(=di2)(—di3) ... (—din+1)

(urx + n1y)(usz + v3y) . . . (Up41T + V1Y)
(+di2)(—d23) ... (—d2nt1)

(u1 4+ v1Y) - . . (U127 + V1Y) (U1 + Vpr1y)
(dl,n)(d2,n) e (dn—l,n)(_dn,n—l—l)
(u1z + 1Y) - .. (Up—12 + V1Y) (Un + VRY)
(din+1)(d2nt1) - - (dn—1,n+1)(dnnt1)

From the last relation the polynomial P, (1,z) has the following representation

Pn(flf,y) = Pn('l)17 —Ul)

+PTL(U27 —’LLQ)

oo+ Pp(vp, —up)

+P, ('Un—l—la _un—l—l)

91 0F 41 g2 0F 1 gn OF i1 gnt1 OF 4

Pn(l’Z) - E 8X1 E 8X2 e ﬁ 8AXn fn+1 aXn+1'

Using the equality 0X;(1,2)/0z = v; and the factorization (4) of the polynomial
F,+1(1,2) we obtain the following differential equation

dz.

Cdz [@ vy g2 V2 gn _ Un In+l  Ungl
x fiur+viz  faug 4+ vaz fatun + 02 fogi Ung1 + Vpga2

After integration by using Proposition 3 we obtain the first integral (29). Lemma 2

is proved.

3 The center problem for the system (1)

Let n=2m+1, m € N and suppose that u; € C\R or v; € C\R for every
i=1,2,...,2m+1,2m + 2. From [6] the singular point (0,0) of the system (1) is
a center if and only if the following condition

/27r Gom42(cos a, s.in a) dov — /27r Topm(cos o, sin ) do=0  (30)
o Fomio(cosa,sin o) Fopm4a(cos a, sin a)
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holds. For each invariant line X; = 0 determined by the equation Fby,12(z,y) =0
we denote by 7; the residue of the rational function Tb,(z,y)/Fom+2(z,y) :

T2m (.’L’, y)

T e Fomya(z,y)

The following lemma holds:

Lemma 3. If the homogeneous equation Fomio(z,y) = 0 has no nontrivial real

solutions and the discriminant Doy,io # 0, then for every i =1,2,...,2m + 2 the
relation
2 2)g;
O )/ W SRS PR (31)
fi
holds.

Proof. We will obtain the value of the residue r;, corresponding to the invariant
line X; =0, by using Lemma 1. Let us consider the following 2 cases:
1. Let v; # 0. The substitution z = tan« in the last integral from (30) implies

the relation .
/ St UICL Ry
oo Fomt2(1,k)

For each root k; = —u;/v; of the equation Fy,49(1,k) = 0 the residue of the
rational function 7o, (1,k)/Fom+2(1,k) is equal to

. Tom(1,k;) Tom(1,k;) B Lo (1, —u; /v5) B

(Fom+2)i, (L ki) vi(Fama2)’x, (1K) vi(Fams2)'y, (1, —ui/v;)

Tom(vi, —u;)) — (2m+2)gi — fi o
ot 7 = (2m +2)6; — 1.

2. Let w; # 0. The substitution z = cot @ in the last integral from (30) implies

the relation .
o0
/ 7T2m(s, D) ds = 0.
—00 F2m+2(8, 1)

For each root s; = —wv;/u; of the equation Fyp,49(s,1) = 0 the residue of the
rational function T, (s,1)/Fam12(s,1) is equal to

Tom(si1) Tom(si,1) _ Torm(—vi/ui, 1) _
(Fom12)s(si, 1) wi(Fomg2)’x (56,1)  wi(Fama2)’x, (—vifug, 1)

@ @

r; =

Tom(vi, —u;)) — (2m+2)gi — fi o
ot 7 = (2m +2)6; — 1.

Lemma 3 is proved.
If we put § = (r+1)/(n+1) in equation (27) then we obtain an equation of
degree n + 1, called the residual equation.
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Proposition 4. If D, 1 #0, then the values r; = (n+1)0; — 1 are the roots of
the equation
X(r) =co P e e r e =0, (32)

where
k
= (D" (n+ 1" CHT  tapim, (D E=0,1,...,n,n+1  (33)
m=0

Remark 7. The equalities t, .1 = t, = (—1)"™tD/2D, | imply the equality ¢, = 0.
The discriminant of the equation (32) has the form
Ry1 = Res (X(r), X'(r)) = D2, A%

where
A2 = H (7’]' — 7‘,’)2
1<i<j<n+1
is a G'L-invariant of the system (1).
Let us consider that the equation (32) has no real solutions and let 7, , 74,, ..., 7.,
be the solutions with positive coefficients of the imaginary part. In this case it is
known that

dk =271 (riy +7i + ...+ 75, )

/+°° Tom (1, k)
—00 F2m+2(17 k)

We construct the polynomial of minimal degree W (rq,ra, ..., ram+2) such that it is
simmetric with respect to variables r; and has the form

W(ri,re, ... roamy2) = H(Til FTig + o F Tiga)-

According to the theorem of the symmetric polynomials there exists some polynomial
® such that the polynomial W can be expressed through the elementary symmetric
polynomials of the variables r;:

Cy C3 C Cp+1
W(ri,ra, ..., rome2) = ®(—, = o,

’ PO ’
Co Co Co Co

So, there exists positive integer [ such that V = (:6<I>(C—2 &, to Cntl

. . co’co’ " co’ co )lsapOIy_
nomial of the variables cg, co, c3, ..., cny1-
Takes place

Proposition 5. The system (1) with imaginary invariant straight lines has a center
iff V=0 and the residual equation (32) has no real solutions.

Example 1. For n = 3 the system (1) with imaginary invariant straight lines has
a center iff at least one of the following two series of conditions is fulfilled:
(1) V =c¢3 =0 and the inequalities coco < 0, c% —4coey >0
are not fulfilled simultaneously;

) V=c3=0, c% —4cgey = 0, cgeg > 0.
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Example 2. For n =5 the system (1) with imaginary invariant straight lines has
a center iff V = —cocg + 4cgesce — c§C4 + cocses = 0 and the residual equation (32)
has no real solutions.
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